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Abstract:
A sum divisor cordial labeling of a graph G with vertex set V(G) is a bijection f from V(G) to {1,2, 3, …, |V(G)|} 
such that an edge u v is assigned the label 0 if 2 divides f(u)+f(v) and the label 1 otherwise, if it satisfies the 
condition
 |e f (0) – e f (1) | Then the graph with a sum divisor cordial labeling is called a sum divisor cordial graph. In 
this paper we introduce the concept of the sum divisor cordial labeling for cycle of join zero divisor graphs.
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I. Introduction
Let G = (V (G), E(G)) be a simple, finite and undirected graph. Different types of graphs labeling 

techniques have been investigated and over to 2000 papers have been published in this area. A graph labeling is 
an assignment of labels traditionally represented by integers to edges or vertices or both. Beck [6] introduced 
Zero-divisor graph. Then Anderson and Livingston [7] modified it. Tamizh Chelvam et al [13] proposed graph 
labeling related to Zero-divisors in a commutative ring.  obtained certain labeling for certain class of Zero-
divisor graphs corresponding to finite rings. Let R be a commutative ring with non-zero identity, Z(R) it’s set of 
all zero devisors in R and

Z*(R) = Z(R) \ {0}. the Zero-divisor graph of R is the simple undirected graph Γ(R) with vertex set 
Z*(R) and two distinct vertices x and y are adjacent if x y =0. [11] S. Sajana and D. Bharathi studied the 
Intersection graph of zero-divisors of a finite commutative ring. [12] D. Eswara Rao and D. Bharathi studied the 
Total zero divisor graph of a commutative ring. All graphs consider in this paper are finite, simple and 
undirected. This graph product was introduced by Frucht and Harary [3]. After that A. Lourdusamy [10] 
introduced sum divisor cordial labeling of graphs. Here, we are interested in the sum divisor cordial (SDC) 
labeling for cycle of join zero divisor graphs. Based on these concepts we give several results on SDC labeling 
for Zero-divisor graphs. Here we study the cycle of join Zero-divisor graphs.

II. Preliminaries:

Definition 2.1

For a commutative ring Z n with unity (1 = 0), the zero-divisor graph of Z n, denoted by Γ (Z n), is a simple graph 
with vertices as elements of Z n and two distinct vertices are adjacent whenever the product of the vertices is 
zero.

Definition 2.2
Let R be a finite ring. An element a 0 ∈ R is called a zero divisor if there exists a non-zero element b ∈ 

R such that a. b = 0 or b. a = 0.

Definition 2.3
The join of two graphs G1 and G2 is denoted by G1 +G2 and whose vertex set is V (G1 +G2) = V(G1) 

∪V(G2) and edge set is
E (G1 +G2) = E(G1) ∪E(G2) ∪ {u v: u ∈V(G1), v ∈V(G2)}.

Definition 2.4
A Graph G is said to be complete if every pair of its distinct vertices are adjacent.

Definition 2.5
A bipartite graph is a graph whose vertex set V (G) can be partitioned into two subsets V1 and V2 such 

that every edge of G has one end in V1 and the other end in V2. (V1, V2) is called a bipartition of G.
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Definition 2.6
A complete bipartite graph is a bipartite graph with bipartition (V1 V2) such that every vertex of V1 is 

joined to all the vertices of V2. It is denoted by Km, n, where |V1| = m and |V2|=n.
A star graph is a complete bipartite graph K1, n.
Definition 2.7

The complement  of the graph G is the graph with vertex set V (G) and two vertices are adjacent in  if 
and only if they are not adjacent in G.

Definition 2.8
For a cycle Cn, each vertex of Cn is replaced by connected graphs G1, G2, …, G n and is known as cycle 

of graphs. We shall denote it by C (G1, G2, …, G n).  If we replace each vertex by a graph G, i.e. G1= G=G2= …, G 
n, such cycle of a graph G is denoted by C (n. G).

Definition 2.9
A cycle graph is a graph that contains a single cycle, or a closed chain of vertices connected by edges.
A cycle graph with n vertices is denoted by Cn.
 
Definition 2.10
A star graph is a Tree with a single internal node and multiple leaves.

Definition 2.11
Cordial labeling is a way to assign labels to vertices and edges using only the numbers 0 and 1. The 

labels are assigned so that the number of vertices and edges labeled 0 and 1 differ by at most 1.

Definition 2.12
Let G = (V (G), E(G)) be a simple graph and f:  V(G)→ {1, 2, …, V(G)|}be the bijection. For each edge 

uv, assign the label 0, if 2/f(u)+f(v) and the label 1 otherwise. The function f is a sum divisor cordial (SDC) 
labeling if it satisfies the condition | e f (0)-e f (1) | ≤ 1. where e f (0) is the number of edges labeled with 0 and ef 

(1) is the number of edges labeled with 1. Then a graph which admits sum divisor cordial (SDC)labeling is 
called as a sum divisor cordial (SDC) Graph.

III. Main Results
In this section, we obtain cycle of join zero-devisor graphs which admits a SDC labeling.

Theorem 3.1. For any prime number p>2, cycle of join zero-devisor graphs Γ(Z2p) + Γ(Z4) where n≥3 is a SDC 
graph.

Proof:  Let G =   C (n. (Γ(Z2p) + Γ(Z4)), ∀ n≥3
Let the vertex set and edge set of the graph G are
V(G)= {u1,1, u1,2, …u1, p, x1, u2,1, u2,2, …, u2, p, x2, …, un,1, un,2, … un, p}, ∀ n≥3
E(G)= {u j, i u j, p, u j, i x j, u j, p x j, u1, pu2, p, u2,1u3,1, …, un, pu1,1;}, ∀ n≥3

Therefore |V(G)|= n(p+1) and
|E(G)|= n(2p-1) +n = 2np

Define f: V(G) → {1,2, 3, …, n(p+1)}, ∀ n ≥ 3 by
f (u1, p) =1, f (u2, p) =p+2, f (u3, p) = 2p+3, …, f (un, p) = (n-1) p + n, ∀ n≥3
f (u1, i) = i+1 for ,
f (u2, i) = p+2+i for 
.
.
.
f (un, i) = (n-1) p + n + i for 

f(x1) =p+1, f (x2) =2p+2, …, f (x n) = np+ n.
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Then the induced edge labeling is as follows f*: E(G) → {0, 1} is given by

f*(u j , i u j, p) =  

f*(u j, i x j) = 

f*(u j, p x j) =1, f*(u j, p uj+1, p) =0, 
f*(un, p u1, p) =0.
we note that
(0) | = n(p-1) +n=np and (1) | = n(p)
then |  (0) -  (1) | 
Hence G is a SDC graph.                    □

Example 3.2:
A SDC labeling for G= C (4. (Γ(Z2p) + Γ(Z4)), is given in figure 1 where n=4, p=3
V(G) = {u1,1, u1,2, u1,3, x1, u2,1, u2,2, u2,3, x2, u3,1, u3,2, u3,3, x3, u4,1, u4,2, u4,3}, ∀ n≥3
E(G)= {u j, iuj,3, u j, ixj, uj,3xj, u1,3u2,3, u2, pu3,3, …, u4, pu1,3;},
Therefore, | V(G)|=16 and | E (G) |= 24
Here  (0) | =12 and (1) | =12
Hence |  (0) -  (1) | then C (4. (Γ(Z2p) + Γ(Z4))), is a SDC graph.

Figure 1. C (4. (Γ(Z2p) + Γ(Z4)))

Theorem 3.3. For any prime number p>2, cycle of join zero-devisor graphs Γ(Z2p) + Γ(Z6) where n≥3 is a SDC 
graph.
Proof:  Let G =   C (5. (Γ(Z2p) +Γ(Z6)))
Let the vertex set and edge set of the graph G are
V(G)= {u1,1, u1,2, …u1, p, x1, y1, z1, u2,2, …u2, p, x2, y2, z2, un,1, un,2, …un, p, xn, yn, zn}
and E(G)= {uj,i u j, p, uj,ixj, uj,pxj, uj,iyj, uj,pyj, uj,pzj, xjyj, yjzj, u1,p u2,p, u2,pu3,p, …, un,p u1,1 ;}

Therefore |V(G)|=n(p+3) and
|E(G)|=n(4p+1) +n =4np+2n =2n(2p+1)

Define the vertex labeling
f: V(G) → {1, 2, 3…n(p+3)} by
f (u1, i) = i+1 for ,
f (u2, i) =p+4+i for 
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f (u3, i) = 2p+7+i for 
.
.
.
f(un,i)=(n-1)p+(3n-2)+i for  ,
f (u1, p) = 1, f (u2, p) =p+4, f (u3, p) = 2p+7, …, f (un, p) =(n-1) p+(3n-2),
f(x1) = p+1, f(x2) =2p+4, f(x3) = 3p+7, …, f(xn)= np+3n-2,
f(y1) = p+3, f(y2) =2p+6, f(y3) =3p+9, …, f(yn)= np+3n,
f(z1) = p+2, f(z2) =2p+5, f(z3) =3p+8, …, f(zn)= np+3n-1.

Then the induced edge labeling is as follows f*: E(G) → {0, 1} is given by

f*(uj,iuj,p)=

f*(uj,ixj)=

f*(uj,iyj)=

f*(uj,izj)=

f*(uj, pxj) = 1, f*(uj,pyj) = 1, f*(uj,pzj) = 0, f*(xjyj) = 0, f*(yjzj) = 1, f*(uj, puj+1 p) = 0, 

f*(un-1, pu1, p) = 0
we observe that (0) | =2np+n=(2p+1) n and (1) | = n(2p+1) then |  (0) -  (1) | 
Hence G is a SDC graph. □

Example 3.4.
A SDC labeling of the C(5.Γ(Z6) + Γ(Z6)) is given in figure 2 where n=5, p=3.
Let G= C (5. Γ(Z6) + Γ(Z6))
V(G) = {u1,1, u1,2, u1,3, x1, y1, z1, u2,1, u2,2, u2,3, x2, y2, z2, u3,1, u3,2, u3,3, x3, y3, z3, u4,1, u4,2, u4,3, x3, y3, z3, u5,1, u5,2, u5,3, x5, y5, 
z5}, and
E(G) = {uj, iuj,3, uj, ixj, uj,3xj, uj,iyj, uj,3yj, uj,3zj, xjyj, yjzj, u1,3 u2,3, u2,3u3,3, …, u5,3 u1,1 ;}
Therefore, | V (G) |=30 and | E (G) |= 70
Here  (0) | =35 and (1) | =35
Hence |  (0) -  (1) | then C (5. (Γ(Z6) + Γ (Z6)) is a SDC graph.

Figure 2. C (5. Γ(Z6) + Γ(Z6))

Theorem 3.5. For any prime number p>2, cycle of join zero-devisor graphs Γ(Z2p) + Γ(Z9)
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where n ≥ 3 does not admit SDC labeling.                 
□

Example 3.6:
A SDC labeling of the C (4. (Γ(Z6) + Γ(Z9)) is given in figure 3 where n=4, p=3.
Let G= C (4. (Γ(Z6) + Γ(Z9))
V(G) = {u1,1, u1,2, u1,3, x1, y1, u2,1, u2,2, u2,3, x2, y2, u3,1, u3,2, u3,3, x3, y3, u4,1, u4,2, u4,3, x4, y4,} and
E(G) = {uj, iuj,3, uj, ixj, uj,3xj, uj,iyj, uj,3yj,xjyj, u1,3 u2,3, u2,3u3,3, …, u4,3 u11 ;}
Therefore, | V (G) |=20 and | E (G) |= 40
Here (0) | =16 and (1) | =24
Hence |  (0) -  (1) |    then C (4. (Γ(Z6) + Γ (Z6)) is not a SDC graph.

Figure 3. C (4. (Γ(Z6) + Γ(Z9))

Theorem 3.7. For any prime number p >2, cycle of Γ () does not admit the SDC labeling. □

Example 3.8:
A SDC labeling of the C (4.  Γ ()) is given in figure 4 where n=4, p=5.
Let G= C (4.  Γ ()),
V(G) = {u1,1, u1,2, u1,3, u1,4, u2,1, u2,2, u2,3, u2,4, u3,1, u3,2, u3,3, u3,4, u4,1, u4,2, u4,3, u4,4} and
E(G) = {uj,1 uj,2, uj,1 uj,3, uj,4 uj,2, uj,4 uj,3, uj,2 uj,3, uj,1 uj,4;}
Therefore, | V (G) |=16 and | E (G) |= 28
Here (0) | =12 and (1) | =16
Hence |  (0) -  (1) |   then C (4. (Γ ())) is not a SDC graph.
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Figure 4. C (4.Γ ())
Theorem 3.9. For any prime number p>2, cycle of join graph, C (3. (+ Γ (Z4))) is a SDC graph.

     □

Theorem 3.10. For any prime number p>2, cycle of join graph, C (3. (+ Γ (Z6)) is a SDC graph.
Proof: Let G = C (3. (+ Γ (Z6))
Then vertex set of the graph G is
V(G)= {u1,1, u1,2, …, u1, p-1, x1, y1, z1, u2,1, u2,2, …, u2, p-1, x2, y2, z2, u3,1, u3,2, …, u3, p-1, x3, y3, z3}
And the edge set of the graph G is
E(G) = {uj, ixj, uj,iyj, uj,izj, xjyj, yjzj, u1,1u2,1, u2,1u3,1, u3,1u1,1and }
Therefore  |v(G)|= 3p+6 and |E(G)|= 9p
Define the vertex labeling f: V(G)→ {1, 2, …3p+6}
By f (u1, i) = i for 
f (u2, i) =p+2+i for ,
f (u3, i) = 2p+4+i for ,
f(x1) = p, f(y1) = p+2, f(z1) = p+1
f(x2) = 2p+2, f(y2) =2p+4, f(z2) =2p+3, f(x3) = 3p+4, f(y3) =3p+6, f(z3) =3p+5.
then the induced edge labeling is given by f*: E(G) → {0, 1} is given by

f*(uj,ixj)=

f*(uj,iyj)=

f*(uj,izj)=

f*(xjyj)=0, f*(yjzj)=1, f*(u1,1u2,1) =1, f*(u2,1u3,1) =1, f*(u3,1u1,1) =0.
we note that  (0) | =3 ()+1 = and (1) | =3 ()+2 =,

Thus |  (0) -  (1) | 
Hence G is a SDC graph. □
Example 3.11:
A SDC labeling of the C (3. ( + Γ(Z6))) is given in figure 5 where n=3, p=7.
Let G= C (3. (  + Γ(Z6)))
V(G)= {u1,1, u1,2, …, u1, 6, x1, y1, z1, u2,1, u2,2, …, u2, 6, x2, y2, z2, u3,1, u3,2, …, u3,6, x3, y3, z3}
E(G) = {u j, ix j, u j, i y j, u j, i z j, x j y j, y j z j, u1,1u2,1, u2,1u3,1, u3,1u1,1and }
Therefore, | V (G) |=27 and | E (G) |= 63
Here (0) | =31 and(1) | =32
Hence |  (0) -  (1) | then C (3. ( + Γ(Z6))) is a SDC graph.
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Figure 5`. C (3. ( + Γ(Z6)))

Theorem 3.12.
For any prime number p>2, cycle of join graph  + Γ(Z9) is a SDC graph when n ≥3.
Proof:
Let G = C (n. ( + Γ (Z9)))
The vertex set of the graph G is
V(G)= {u1,1, u1,2, …, u1, p-1, x1, y1, u2,1, u2,2, …, u2, p-1, x2, y2, …, un,1, un,2, …un, p-1, xn, yn,}
E(G)= {u j, i x j, u j, i y j, x j y j, u j, i uj+1,i; }
Therefore |V(G)| = n(p+1) and
|E(G)| = n (2p-1) + n = 2np

Define the vertex labeling.
f: V(G) → {1, 2, 3, …, n(p+1)} by
f (u1, i) = i for ,
f (u2, i) =p+1+i for ,
f (u3, i) = 2p+2+i for ,
.
.
.
f (un, i) = (n-1) p+(n-1) +i for 

f(x1) = p, f(x2) = 2p+1, f(x3) = 3p+2, …, f (x n) = np+(n-1),
f(y1) = p+1, f(y2) =2p+2, f(y3) =3p+3, …, f (y n) = np+ n.

Then the induced edge labeling is given by

f*(u j, i x j)=

f*(u j, i y j)=

f*(x j y j) =1, f*(uj1uj+1, 1) =0, f*(un1u11) = 0.

we observe that (0) | =n(p-1) +n=np and (1) | =np. Thus |  (0) -  (1) | Hence G is a SDC graph.
 □

Example 3.13:
A SDC labeling of the C (4. ( + Γ(Z9))) is given in figure 6 where n=4, p=5.
Let G= C (4. ( + Γ(Z9))
V(G)= {u1,1, u1,2, …, u1, 4, x1, y1, u2,1, u2,2, …, u2, 4, x2, y2, …, u4,1, u4,2, …, u4,4, x4, y4,}
E(G)= {u j, i x j, u j ,i y j, x j y j, uj,1uj+1,1, u4,1u1, 1; }
Therefore, | V (G)|=24 and | E (G) |= 40
Here  (0) | =20 and (1) | =20
Hence |  (0) -  (1) |  then C (4. ( + Γ(Z9))) is a SDC graph.
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Figure 6. C (4. ( + Γ(Z9)))
Remark: In join graphs we used only paths in zero-divisor graphs, Z4, Z6, Z9.

IV. Conclusion
The cycle of graphs are
 C (n. (Γ(Z2p) + Γ(Z4))), n  3 and p > 2 is a SDC graph.
 C (n. (Γ(Z2p) + Γ(Z6))), n  3 and p > 2 is a SDC graph.
 C (n. (Γ(Z2p) + Γ(Z9))), n  3 and p > 2 is not a SDC graph.
 C (n.  Γ ()), n  3 and p > 2 is not a SDC graph.
 C (n. (  + Γ(Z4))), n = 3 and p > 2 is a SDC graph.
 C (n. (  + Γ(Z6))), n = 3 and p > 2 is a SDC graph.
 C (n. (  + Γ(Z9))), n  3 and p > 2 is a SDC graph.

References:
[1] B.M. Stewart, Magic Graphs, Canadian J.Math, 18(1966), 1031-1059.
[2] A. Rosa, On Certain Valuations Of The Vertices Of A Graph, Theory Of Graphs (Rome, July 1966), Gordon And Breach, N.Y. And 

Paris, 1967 349-355.
[3] R. Frucht And F. Harary, On The Corona Of Two Graphs, Aequationes Math. 4(1970), 322-325.
[4] Graph Theory With Applications To Engineering & Computer Science By Narsingh Deo, 1974.
[5] Graph Theory With Applications By J.A Bondy And U.S.R. Murty, 1976
[6] I. Beck, Zero Divisor Graph Of Commutative Rings. J Algebra.1988;116:208-226.
[7] D.F Anderson And P. S Livingston, The Zero-Divisor Graph Of A Commutative Ring, J.Algebra, 217 (1999), 434-447.
[8] S.P Redmond, On Zero-Divisor Graphs Of Small Finite Commutative Rings, Discrete Math., 307 (9-10) (2007), 1155-1166.
[9] J. A. Gallian, A Dynamic Survey Of Graph Labeling, The Electronic J. Combin., 18 2015 #DS16.
[10] A. Lourdusamy And F.Patrick, Sum Divisor Cordial Graphs, Proyecciones Journal Of Mathematics, 35(1), 2016 115-132.
[11] S. Sajana, D. Bharathi, Intersection Graph Of Zero- Divisors Of A Finite Commutative Ring, International Journal Of Pure And 

Applied Mathematics 109 (2016) ,51-58.
[12] D. Eswara Rao, D. Bharathi, Total Zero Divisor Graph Of A Commutative Ring, International Journal Of Scientific Research 2 

(2013),28-29
[13] T.T Chelvam And C. Subramanian, Signed Product Cordial Labeling Of Zero-Divisor Graphs, International Journal Of 

Mathematical Combinatorics, Special 1(2018), 164-169.
[14] Kaneria V.J., Makadia H.M. And Jariya M. M., Graceful Labeling For Cycle Of Graphs, Int.J.Of Maths.Res.,6(2) (2014),173-178.


