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Abstract: In graphs, circular distance between two vertices is the sum of geodesic and detour distance between 

them. Based on circular distance, we introduce a novel vertex, termed as null vertex, that is distinct from interior 

and boundary vertices and discuss its presence in some graphs. 
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I. INTRODUCTION AND PRELIMINARIES 

Graph theory particularly deals with network of points connected by lines. Boundary vertices and interior 

vertices, which are integral parts of a graph are discussed in [1],[2]. Various authors have studied about different 

types of distance concepts in graphs. In a graph, circular distance (C-distance) between two vertices is the sum of 

geodesic and detour distance between them [6]. The extensive expansion of networks in all spheres of life has 

made the study of distance concept an important one, particularly in graph theory. Null vertex in fuzzy graphs and 

bipolar fuzzy graphs are discussed in [4],[5]. 

 In graphs, when we consider geodesic distance as the distance between two vertices, all vertices are either   

boundary vertices or both interior and boundary vertices.  But, when C-distance is used instead of geodesic 

distance, we identify that there may exist some vertices, null vertices, which are neither boundary vertices nor 

interior vertices. We make a study on the presence of null vertices based on C-distance in wheel graphs, helm 

graphs and gear graphs. 

Definition 1.1. [3] Consider two vertices 𝑥 and 𝑦 in a connected graph 𝐺. The geodesic distance 𝑑(𝑥, 𝑦) is the 

length of the shortest 𝑥 − 𝑦 path and the detour distance 𝐷(𝑥, 𝑦) is the length of the longest 𝑥 − 𝑦 path. 

Definition 1.2. [6] Circular distance (C-distance)  𝑑𝑐(𝑥, 𝑦) between  𝑥, 𝑦 in  𝐺 is   

𝑑𝑐(𝑥, 𝑦) = {
𝑑(𝑥, 𝑦) + 𝐷(𝑥, 𝑦), 𝑥 ≠ 𝑦
0,                                         𝑥 = 𝑦

 

 C-distance is a metric on the set of all vertices of  𝐺. 

II. MAIN RESULTS 

Definition 2.1. A vertex 𝑦 in a connected graph 𝐺 is a boundary vertex of a vertex 𝑥 in 𝐺 with respect to C-

distance if  𝑑𝑐(𝑥, 𝑦) ≥ 𝑑𝑐(𝑥, 𝑧), for each neighbour 𝑧 of 𝑦  and if 𝑦 is a boundary vertex of some vertex of 𝐺, then 

𝑦 is a boundary vertex of 𝐺. A vertex 𝑧 in 𝐺 is an interior vertex of 𝐺 with respect to C-distance if for each vertex  

𝑥 in 𝐺, there exists a vertex 𝑦 in 𝐺, 𝑥 ≠ 𝑧 ≠ 𝑦 with 𝑑𝑐(𝑥, 𝑦) = 𝑑𝑐(𝑥, 𝑧) + 𝑑𝑐(𝑧, 𝑦). 

Definition 2.2. In a connected graph 𝐺, a vertex 𝑦 is a null vertex with respect to C-distance if 𝑦 is neither an 

interior vertex nor a boundary vertex.     

Lemma 2.3. In a connected graph, vertex with degree 1 is a boundary vertex. 

Proof: Consider the vertices 𝑥1, 𝑥2, … . . , 𝑥𝑛  in 𝐺 with deg (𝑥1) = 1.  Let  𝑥2 be the one and only one neighbour 

of 𝑥1.  So, 𝑑𝑐(𝑥𝑖 , 𝑥1) ≥ 𝑑𝑐(𝑥𝑖 , 𝑥2), 𝑖 ≠ 1.  i.e., 𝑥1 is a boundary vertex. 
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Theorem 2.4. A boundary vertex in a graph is not an interior vertex with respect to C-distance. 

Proof: Let 𝑦 be a boundary vertex of the vertex 𝑥 with respect to C-distance. Then, 𝑑𝑐(𝑥, 𝑦) ≥ 𝑑𝑐(𝑥, 𝑢), for each 

neighbour 𝑢 of 𝑦. But, if  𝑦 is an interior vertex,  ∋  a vertex  𝑧,  𝑥 ≠ 𝑦 ≠ 𝑧,  where  𝑦 lies between 𝑥 and 𝑧. Let 

𝑃: 𝑥 = 𝑦1, 𝑦2, … 𝑦 = 𝑦𝑘 , 𝑦𝑘+1, … 𝑦𝑚 = 𝑧  be a  𝑥 − 𝑧 path, 1 < 𝑘 < 𝑚. Then  𝑦𝑘+1 ∈ 𝑁(𝑦), the neighbourhood of 

𝑦. So,  𝑑𝑐(𝑥, 𝑦𝑘+1) > 𝑑𝑐(𝑥, 𝑦), a contradiction. Thus, 𝑦 is not an interior vertex with respect to C-distance. 

 

Figure1. Wheel Graph 𝑊𝑛 

Theorem 2.5. There exists a unique null vertex with respect to C-distance for the Wheel graph 𝑊𝑛 , 𝑛 ≥ 4. 

Proof: Consider 𝑊𝑛, 𝑛 ≥ 4 in figure 1 with vertices 𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝑛 + 1, where 𝑥𝑛+1 is the apex vertex joining   

𝑥1, 𝑥2, … . . 𝑥𝑛 ,   deg(𝑥𝑖) = 3, 1 ≤ 𝑖 ≤ 𝑛,     deg(𝑥𝑛+1) = 𝑛.   

𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = {
𝑛 + 1, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑥𝑗) = 1

𝑛 + 2, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑥𝑗) = 2
 

Consider the vertex 𝑥1.  The neighbours of 𝑥1 are 𝑥𝑗 where, 𝑑(𝑥1, 𝑥𝑗) = 1.    𝑑𝑐(𝑥𝑛+1, 𝑥1) = 𝑛 + 1.   𝑥1 is a 

boundary vertex of 𝑥𝑛+1 with respect to C-distance since,   𝑑𝑐(𝑥𝑛+1, 𝑥1) ≥ 𝑑𝑐(𝑥𝑛+1, 𝑥𝑗), for all  neighbours 𝑥𝑗 of 

𝑥1. Similarly, 𝑥2, 𝑥3, … . . 𝑥𝑛 are also boundary vertices of 𝑥𝑛+1 with respect to C-distance. 

Neighbours of 𝑥𝑛+1 are 𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝑛. We have,  𝑑𝑐(𝑥𝑖 , 𝑥𝑛+1) = 𝑛 + 1  and  𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = 𝑛 + 2 when 𝑑(𝑥𝑖 , 𝑥𝑗) =

2.  𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝑛 does not have 𝑥𝑛+1 as a boundary vertex with respect to C-distance since, 𝑑𝑐(𝑥𝑖 , 𝑥𝑛+1) < 

𝑑𝑐(𝑥𝑖 , 𝑥𝑗),  for some neighbours 𝑥𝑗 of 𝑥𝑛+1  with  𝑑(𝑥𝑖 , 𝑥𝑗) = 2. 

But, 𝑑𝑐(𝑥𝑖 , 𝑥𝑛+1) + 𝑑𝑐(𝑥𝑛+1, 𝑥𝑗) = 2𝑛 + 2, 𝑖 ≠ 𝑗. So,  𝑥𝑛+1 is not an interior vertex of 𝑊𝑛 with respect to C-

distance since, 𝑑𝑐(𝑥𝑖 , 𝑥𝑗) ≠ 𝑑𝑐(𝑥𝑖 , 𝑥𝑛+1) + 𝑑𝑐(𝑥𝑛+1, 𝑥𝑗), 𝑖 ≠ 𝑗. Thus,  𝑥𝑛+1 is a null vertex with respect to C-

distance. 

Remark 2.6. In the Wheel graph 𝑊3, 𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = 4 for all   𝑖 ≠ 𝑗 and all the vertices are boundary vertices. 

 

 

Figure 2. Helm Graph 𝐻𝑛 
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Theorem 2.7. There is a unique null vertex for the Helm graph 𝐻𝑛 , 𝑛 ≥ 4 with respect to C-distance. 

Proof: Consider 𝐻𝑛 , 𝑛 ≥ 4  in figure 2,  having vertices  𝑥𝑖 , 𝑦𝑖 , 𝑖 = 1,2, … 𝑛, 𝑑𝑒𝑔(𝑥𝑖) = 1, 𝑑𝑒𝑔(𝑦𝑖) = 4   and the 

apex vertex 𝑦𝑛+1,  𝑑𝑒𝑔(𝑦𝑛+1 ) = 𝑛.     

𝑑𝑐(𝑦𝑖 , 𝑦𝑗) = {
𝑛 + 1, 𝑤ℎ𝑒𝑛  𝑑(𝑦𝑖 , 𝑦𝑗) = 1

𝑛 + 2, 𝑤ℎ𝑒𝑛  𝑑(𝑦𝑖 , 𝑦𝑗) = 2
 

𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = {
𝑛 + 5, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑥𝑗) = 3

𝑛 + 6, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑥𝑗) = 4
 

𝑑𝑐(𝑥𝑖 , 𝑦𝑗) = {

2, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑦𝑗) = 1

𝑛 + 3, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑦𝑗) = 2

𝑛 + 4, 𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑦𝑗) = 3

 

Here, 𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝑛 are boundary vertices with respect to C-distance by lemma 2.3. For the vertex 𝑥1,  there exists 

vertices 𝑥𝑖, 𝑖 = 2, … 𝑛 with  𝑑𝑐(𝑥1, 𝑥𝑖) = 𝑑𝑐(𝑥1, 𝑦1) + 𝑑𝑐(𝑦1, 𝑥𝑖). Also, for the vertex 𝑥1,  there exists vertices 

𝑦𝑗, 𝑗 = 2,3, … 𝑛 + 1 with  𝑑𝑐(𝑥1, 𝑦𝑗) = 𝑑𝑐(𝑥1, 𝑦1) + 𝑑𝑐(𝑦1, 𝑦𝑗). Thus, 𝑦1 is an interior vertex with respect to C-

distance. Similarly, 𝑦𝑗, 2 ≤ 𝑗 ≤ 𝑛   are also interior vertices with respect to C-distance. 

Consider the vertex 𝑦𝑛+1.  Since,  𝑑(𝑥1, 𝑦𝑛+1) = 2,    𝑑𝑐(𝑥1, 𝑦𝑛+1) = 𝑛 + 3.  The neighbours of 𝑦𝑛+1 are 𝑦𝑗, 𝑗 =

1, 2, , … 𝑛.  Also,  𝑑𝑐(𝑥1, 𝑦𝑗) = 𝑛 + 4 when 𝑑(𝑥1, 𝑦𝑗) = 3. Clearly,   𝑑𝑐(𝑥1, 𝑦𝑛+1) < 𝑑𝑐(𝑥1, 𝑦𝑗),  for some 

neighbours 𝑦𝑗 of 𝑦𝑛+1 with 𝑑(𝑥1, 𝑦𝑗) = 3. So, 𝑦𝑛+1  is not a boundary vertex of  𝑥1 with respect to C-distance. 

Same is the case with 𝑥𝑖, 2 ≤ 𝑖 ≤ 𝑛. Also, since 𝑑(𝑦1, 𝑦𝑛+1) = 1, 𝑑𝑐(𝑦1 , 𝑦𝑛+1) = 𝑛 + 1 and 𝑑𝑐(𝑦1 , 𝑦𝑗) = 𝑛 + 2 

when 𝑑(𝑦1, 𝑦𝑗) = 2.  i.e., 𝑦𝑛+1  is not a boundary vertex of  𝑦1 with respect to C-distance. Same is the case with 

𝑦2, 𝑦3 , … … 𝑦𝑛. 

For 𝑥𝑖, a vertex 𝑥𝑗  or 𝑦𝑗 , 𝑖 ≠ 𝑗 does not exist with   𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = 𝑑𝑐(𝑥𝑖 , 𝑦𝑛+1) + 𝑑𝑐(𝑦𝑛+1, 𝑥𝑗) or 𝑑𝑐(𝑥𝑖 , 𝑦𝑗) =

𝑑𝑐(𝑥𝑖 , 𝑦𝑛+1) + 𝑑𝑐(𝑦𝑛+1, 𝑦𝑗). So, 𝑦𝑛+1 is not an interior vertex with respect to C-distance.  Thus, 𝑦𝑛+1 is a null 

vertex with respect to C-distance. 

Remark 2.8. In the Helm graph 𝐻3, all the vertices are boundary vertices. 

 

Figure 3. Gear Graph 𝐺𝑛 

 

Theorem 2.9. The Gear graph 𝐺𝑛 , 𝑛 ≥ 4  has 𝑛 null vertices with respect to C-distance.   

Proof: Consider 𝐺𝑛  in  figure 3 having vertices  𝑥𝑖 , 𝑦𝑖 , 𝑖 = 1,2, … 𝑛, deg(𝑥𝑖) = 3, deg(𝑦𝑖) = 2 and the apex vertex 

𝑥𝑛+1, deg (𝑥𝑛+1) = 𝑛.  Here, 𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = 2𝑛,  𝑑𝑐(𝑥𝑛+1, 𝑦𝑖) = 2𝑛 + 2. 
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𝑑𝑐(𝑥𝑖 , 𝑦𝑗) = {
2𝑛,         𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑦𝑗) = 1

2𝑛 + 2,   𝑤ℎ𝑒𝑛  𝑑(𝑥𝑖 , 𝑦𝑗) = 3
 

𝑑𝑐(𝑦𝑖 , 𝑦𝑗) = {
2𝑛 + 2, 𝑤ℎ𝑒𝑛  𝑑(𝑦𝑖 , 𝑦𝑗) = 2

2𝑛 + 4, 𝑤ℎ𝑒𝑛  𝑑(𝑦𝑖 , 𝑦𝑗) = 4
 

Consider 𝑦1. The neighbours of  𝑦1 are  𝑥𝑘 , 𝑘 = 1, 𝑛.  𝑦1 is a boundary vertex of 𝑦2 since 𝑑𝑐(𝑦2, 𝑦1) ≥ 𝑑𝑐(𝑦2, 𝑥𝑘), 

for the neighbours 𝑥𝑘 of 𝑦1. Similarly, 𝑦2, 𝑦3, … . . 𝑦𝑛 are boundary vertices with respect to C-distance. 

Consider 𝑥1. The neighbours of  𝑥1 are 𝑦1 , 𝑦2 and 𝑥𝑛+1.  Since 𝑑𝑐(𝑥𝑗 , 𝑥1) < 𝑑𝑐(𝑥𝑗 , 𝑦1), 𝑗 = 2,3, … (𝑛 − 1) and   

𝑑𝑐(𝑥𝑗 , 𝑥1) < 𝑑𝑐(𝑥𝑗 , 𝑦2), 𝑗 = 𝑛, 𝑛 + 1,    𝑥1 is not a boundary vertex of  𝑥𝑗 with respect to C-distance.  

Since, 𝑑𝑐(𝑦𝑗 , 𝑥1) < 𝑑𝑐(𝑦𝑗 , 𝑦1), 𝑗 = 2,3, … . (𝑛 − 1) and 𝑑𝑐(𝑦𝑗 , 𝑥1) < 𝑑𝑐(𝑦𝑗 , 𝑦2), 𝑗 = 1, 𝑛, the vertex  𝑥1 is not a 

boundary vertex of 𝑦𝑗 with respect to C-distance. Similarly, 𝑥𝑖 , 2 ≤ 𝑖 ≤ 𝑛 are also not boundary vertices with 

respect to C-distance. 

For 𝑥1, a vertex 𝑥𝑗 or 𝑦𝑗   does not exist with 𝑑𝑐(𝑥𝑖 , 𝑥𝑗) = 𝑑𝑐(𝑥𝑖 , 𝑥1) + 𝑑𝑐(𝑥1, 𝑥𝑗) or  𝑑𝑐(𝑥𝑖 , 𝑦𝑗) = 𝑑𝑐(𝑥𝑖 , 𝑥1) +

𝑑𝑐(𝑥1, 𝑦𝑗). So, 𝑥1 is not an interior vertex with respect to C-distance. Similarly, 𝑥𝑖 , 2 ≤ 𝑖 ≤ 𝑛 are also not interior 

vertices with respect to C-distance. Hence, 𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝑛 are null vertices with respect to C-distance. 

Corollary 2.10. In the Gear graph 𝐺3, all the vertices are boundary vertices. 

III. CONCLUSION 

In a graph, when we consider geodesic distance as the distance between two vertices, there exists either 

boundary vertices or both boundary and interior vertices.  We established that when circular distance is taken 

instead of geodesic distance, there may exists some other vertices, termed as null vertices, which are distinct from   

interior and boundary vertices. We proved the existence of null vertices with respect to C-distance in wheel graphs, 

helm graphs and gear graphs for 𝑛 ≥ 4. 
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