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Abstract

In this study we establish both common and unique fixed point theorems in fuzzy metric spaces under simulation
functions, irrational conditions, and self contraction mappings. Here, we get a conclusion on the existence of
fixed points by defining a mapping utilising some existing results.
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I.  Introduction

Zadehl's 1965 invention of fuzzy set theory enables us to describe and deal with ambiguous concepts.
Fuzzy sets are essentially functions with a domain that is a non-empty set and a range that is the interval [0,1].
Initially, Weiss2 and Butnariu3 investigated fuzzy mappings' fixed points. Heilpern4 developed the idea of
fuzzy contraction mappings (see also 5, 6). Following that, a number of authors determined the existence of
fixed points of mappings involving specific contractive type conditions. For instance, Kanwal et al.7 obtained
fuzzy common fixed points of fuzzy mappings for integral type contractions, while Azam et al.8,9 established
fuzzy fixed points and common fixed points. Additionally, Kanwal et al. generated fuzzy fixed point results
utilising contractions of Nadler's type (10,11). A weaker condition was applied in this metric space in place of
the triangle inequality in order to generalise the Banach contraction principle.

Definition Let T be the family of all functions T: R, — R such that

(@) T is strictly increasing i.e.V x,y € R, suchthat x < y,T(x) < T(y)

(b) for each sequence {a,, };—, of positive numbers, lim,,_, ., T{a,} = —o

(c) there exists T € (0, 1) such that lim,,_,,, a*T(a) = 0.

Definition Let (X, T) be a metric space. A mapping T;: X — X is stated to be an t- contraction on (X, T) if there
exist T € T and € > 0 such that, for all x,y € X, = € + t(T(Tyx, Ty)) < =(T(x, ).

Theorem Let (X, T) be a complete metric space. A mapping T;: X — X is stated to be a contraction on (X, T).
Then on T has unique fixed point x* € X and for every x € X the sequence {T"x};>-; converges to x*.
Definition Let (X, T) be a metric space. A mapping T,: X — X is stated to be an - weak contraction on (X, T) if
there exist T € T and € > 0 such that, for all x,y € X, T(Tyx,T,y) > 0= €+ t(T(Tyx, 1)) < t(M(x,y)) in

which M(x,y) = max {T(x,y), TCx, Tyx), T(y, Tyy), 2200}

Theorem Let (X, T) be a complete metric space. A mapping T;: X — X is stated to be an t- weak contraction on

(X, T). If Tor T is continuous, then T, has a unique fixed point x* € X and for every x € X the sequence

{T™x}y-, converges to x*.

Definition Let (X,T) be a metric space. A mapping T;: X — X is stated to be a generalized - contraction on

(X, T) if there exist T € Tand € > 0 such that, for all x,y € X, T(Tyx,T,y) > 0= €+ T(T(Tlx, le)) <

7(N(x,y)) in which

N(x,y) , ,

T(x, T, +T(y, Tix) T(Tfx, x) + T(Tix, T,

=max{T(x,y),T(x,Tlx),T(y,le), (x, T1y) _ T )' (T{ ) 5 (T{ 1Y)
T(lex, Tiy)}

Theorem Let (X,T) be a complete metric space. A mapping T;: X — X is stated to be a generalized -

contraction mapping on (X, T). If T,or T is continuous, then T; has a unique fixed point x* € X and for every

x € X the sequence {T"x};-, converges to x*.

,T(T2x, Tyx), T(Tx,y)
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Theorem Let T be a self mapping of a complete metric space X into itself. Suppose that there exists T € Tand
€ > 0 such that, for all x,y € X, T(Tyx,T,y) > 0= €+ t(T(Tyx,T;y)) < t(T(x,y)). Then T has a unique
fixed point x* € X and for every x € X the sequence {T™x};—, converges to x*.

Theorem Let T be a self mapping of a complete metric space X into itself. Suppose that there exists T € Tand

€ > 0 such that, for all x,y € X, éT(x, Tix) <T(x,Tyx) =€+ T(T(Tlx, le)) < T(T(x,y)). Then T has a
unique fixed point x* € X and for every x € X the sequence {T™x}_, converges to x*.

Il.  Our Results
Theorem 2.1 Let (I*,T,x) be a complete metric space over Banach algebra A and let f:1*¥ - ¥ be a
contractive mapping satisfying the following conditions

Tx (Ff). £ (0) ))<k<Tx(px,f(p ), T (F),p ﬁ))
Letting, py? € I* and suppose p{? = f(pe), ps2 = F(p) = £ (F(pi2)) = F2(05), F(053) = F(p2) =
F(F205) = £ (), S = £(p520).
Now, T,x(pxriy Py ) = k (T x (pim F(pim2)) + T (F (o), pﬁi‘:‘:))
<k (Tx(penpin) + Tix(pint pi )
(T x(an,px") +T,x(p,‘f::,px") T)x, anes o +T,x(pxn,p,’f;1 ) - T xpen pan-1 +

nPxn—1

+T1Xpan+1 pin-1
Xn+1'"Xn-1

= k(Tix(pep pin) + Tix (et pen) = Tix(ppas Drnas) + Tix (g Dent)
T (pgn, i) +T (P, pinh) )
=k (TIX (p;:::'pxn) +Tx (pxn'pg; 11))
. a(l - k)TIX(pg:ll:ll' pxn) =< kTIX(pxn'p;l-,? 11)
Tix(pertt, pet) < hTx(pyr, per=t) where h = k(1 — k)™
Continuing in the same argument, we will get
Tix(penes Pen) < W Tix (03 1))
”TIX(pg(()) pgll)”“ | >1 and it hes t hes t dh n
7 (0| and its approaches to zero as n approaches to oo and hence {px } is a
x0’Fx1
Cauchy sequence in I%. So, by completeness of I%, there exist pZ € I* such that px;’ - p% is a fixed of f.
Since, f is continuous, then f(px”) - f(p%),i.e.pi™t - f(p%) and so p¢ is a fixed point of this mapping.

Xn+1
Now, in order to show the uniqueness assume that y is an another fixed point of f. So,

T(pf,vy) = T (), F(0}))
<2 <T1x (p2. f(05)) + Ty (pf,f(pf)))
=2 (T,x(pfé‘. p¥) + T,x(pﬁ,pf))
Thus, T,x(pjj‘,pf) =@ and hence p% = pf. Therefore,p% is a unique fixed point of the mapping f. This
finishes the proof.

Theorem 2.2 Let (1%, <)be a Semi Ordered Fuzzy Set (SOFS) and (IX, T,x) complete fuzzy metric space. If
there exist a simulation function T and Ty, T,: IX — I¥ such that

( X (T1(px) Tl(py)) X (Tz(Px) Tz(pfj))) =0 Vpx,Py €I T,(pY) < Tz(Pf)
Satisfies the following conditions
(@) T,1X € T,1¥ and T,1% is closed,
(b) T; is T, —nondecreasing,
(c) If {sz } c I* is a non decreasing sequence, which converges to T,p% in T,I%, then sz,‘f" < T,py for all
n = 0.
If there exists py° € I* such that T,p,” < T;p,?, then T; and T, have a coincidence point, that is, there exists

Ofcourse,

py € IX such that Tlpy = szf.
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Proof. Using the theorem condition, we have p“" € I¥ such that Tsz° < T1Px° Since T, I* < T,I%, then there
exists p“l € I*such that szx1 < T1Px° and szx" < Typy, oo = Tsz1 Since T, is T, —nondecreasing, we have
T1Px < Tﬂ?x Continuing this process, we construct the sequence {px"} with the following conditions
T1px:11_11 = szx: foralln = 0,

and szf;’ < T1p;‘:(? = szgll < T1P;:11 = sz;lzz < T1P;:22 <= Tlpff,ﬁ_l szx < Tlpx = szx::f =0

If two consecutive members of the sequence {T;p,"} or {T,p;"} are equal, then the conclusion of the theorem
follows. So we have T x(Typy™, Tyipeit) # 0, Tyx(Toper, Topertt) # 0 forall n = 0.

Xn+1

If for some n € N, we assume that T,x(Tipy" =2, Tipyr) < Tyx(Toper, Topertt), then by property of simulation
function and (2)-(4) we have

0 < 7 (T (Tupin=t, Tipgn), Ty (Topn=?, Topin))
=T (T X(T1pgn lpxn) TIX(TZPxn szn)>
< TIX(TZP?:__E' szﬁ,’f) - TIX(szxn , szz,?:) <0.
This contradiction shows that
T x (szg,? T, pf::j) T x (Tz pf:‘f, T, pxn)
This implies that the sequence {T,x(szx; 5 sz“")} is @ monotonic decreasing sequence of non negative real

numbers, and consequently, there exists r > 0 such that the sequence {T',x (T,p;"?, T,py")} converges to r.

Suppose r > 0. By (3) we know that the elements szx" and szx"“ are comparable, so using the property of

a simulation function with 6, = T x(Topy™, Topyrtt) and @, = (Topy=!, Topy), We have

0 < lim supr( x(Tape =, Tape™), Tyx (Tape 2, 1Pxn))

n—oo
= lim, e supr(TIx(Tlpx; LTypet), Tox(Toper ot 1px”)) <0,
which is a contradiction, and hence,

llm T,x(szxn o , TaDs ) =0
Now, we shall show that the sequence {szx"} is Cauchy. By contradiction there exists ¢ >0 and
{sz“m“‘)], {szanm} {T,pEm} with n(k) > m(k) = k V k € N such that

Xm(k) Xn (k)

m(k) n(k) m(k)+1 An(k)\ _
limy e, Ty x (szx Y szn(k)) = limy_o Tjx (szxm(k)H,szxn(k)) =€,

m(k) n(k)
Tx (szx ®’ ZPXn(k)) 2 €.
m(k)+1 n(k)
()+1’ szn(k)

are comparable, so using (5)-(7) and the property of a simulation function 8,, =

Then we can assume that T,x (szx

szxm((]’:)) and Top," .

m(k)+1 n(k)+1 m(k) An(k)
Tx (szxm(k)+1' 2Pxn 41 )and On =T)x (szx w0’ Tapy (k)) we have

m(k) An (k) m(k) An (k)
0= 1113.10 SupT( X (Tlp’Cm(k)’Tlp Xn(k) ) Tx (T2pxm(k)’T2pxn(k) )>

s m(k)+1 an (k)+1 m(k) An (k)

= 11m sup ‘r( X (szxm(k)+1'T2pxn(k)+1 ), (szx Y szxn(k) )) <0
Which is a contradlctlon We conclude that the sequence {szx”} is a Cauchy sequence, and hence, {szx"} is
convergent in the complete fuzzy metric space (IX, ,x). T,1% is closed, therefore by (2) there exists p& € I*
such that lim Ty p;™ = Lim Tope™ = T,pg.

n—-oo n—oo

) > 0Vk € N. Again, by (3) we know that the elements
n(k)

From (3) and (8) we know that {sz,‘j‘;‘} is a non decreasing sequence in T,I% such that szx" - T,p¥, then by
condition (c) and (4) we have sz,'f" < T,p%. Again, by (3) and (4) since T;isT,-non decreasing, we have
Tlpx < T;p¥. Now using the property of a simulation function, (9) and (10), we have

0<r7 (T X(T1Pxn T1px) TIX(szxn Typx )) < TIX(TZP , Topy ) TIX(Tlpxn Tipx )
vVneN.
Taking n — oo in the above inequality, we have rlli_ggoTlpg;‘ = T,p%. Then
Tyipf = lim Typer = lim Topt = Topg.
Now, inno_;der to shovc_fhe uniqueness, suppose that the set of fixed points of T, is totally ordered. Assume on
the contrary that p¢ = T, p% = T,pZ and pf = Tlpf = szf butx # y .Sincep¥ andpf contain a set of fixed
points of T, without loss of generality, we assume thatT; p% < szf. IfT ps < Tlpf or Topy < szf. Thenpg =
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pf,which is a contradiction, otherwiseT;pg # Tlpf andT,py # szf. Now, by the property of simulation we

have

0 S T (T(Tlpg; T]_pf)l T(sz)‘c'x‘ Tlpf))
=1 (T(0%. ). T(05. 1))

< (T, ) T(p%,0))) = 0,
Which is a contradiction. Therefore, T;andT,have a unique common fixed point. Hence the result.

I11.  Conclusion
Insertive fixed-point theorems, often framed within the context of weakly compatible or coincidence

point theory, have been successfully adapted to fuzzy metric spaces to study the behavior of self-contractive
mappings. These theorems extend traditional metric space findings to fuzzy settings.
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