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I. Introduction 
The property of hypercyclicity has been established to be equivalent to transitivity. Hypercyclicity of 

backward shift operator has been established. Recent research has shown that a bounded linear operator is 

hypercyclic using Chan’s approach. It has also been shown that a basic elementary operator is hypercyclic and 

that it satisfies the three properties of hypercyclity criterion. This paper gives a necessary and sufficient condition 

for hypercyclicity of a basic elementary operator. 

An operator 𝑆 ∈ 𝐿(𝑋) is termed as hypercyclic if there is a vector 𝑥 ∈ 𝑋 such that its 𝑆-orbit densely 

covers the space 𝑋. The corresponding vector 𝑥 is known as 𝑆- hypercyclic. 

If 𝑋 is a topological vector space and 𝑆 an operator in 𝐿(𝑋). Then 𝑆 meets the hypercyclicity criterion if 

there is an increasing sequence of integers 𝑛𝑘, two dense sets 𝐷1, 𝐷2 ∈ 𝑋, and a sequence of maps 𝑇𝑛𝑘: 𝐷2 → 𝑋 

such that; 

i) 𝑆𝑛𝑘(𝑥) and 𝑇𝑛𝑘 converges to 0 for any 𝑥 ∈ 𝐷1 and 𝑦 ∈ 𝐷2 respectively. 

ii) 𝑆𝑛𝑘𝑇𝑛𝑘(𝑦) converges to 𝑦 for any 𝑦 ∈ 𝐷2 

 

Theorem 1.1[Kit,1999] 

If a countable SOT- dense subset 𝐶 of 𝐴(𝐾) exists and a linear mapping 𝐵: 𝐴(𝐾) → 𝐴(𝐾), with 𝐿𝐵 being 

the identity mapping on 𝐴(𝐾) and lim
𝑛→∞

‖𝐵𝑛(𝑈)‖ = 0 for each operator 𝑈  in 𝐶, then a bounded linear mapping 

𝐿: 𝐴(𝐾) → 𝐴(𝐾) is hypercyclic. Additionally,  lim
𝑛→∞

‖𝐿𝑛(𝑈)‖ = 0. 

Sophie [2005] determined Orbits of backshift operators by proving theorem 1.2. He also gave the 

conditions for hypercyclicity of a backward shift operator . 

 

Theorem 1.2[Sophie,2005] 

If (𝑤𝑘) is a decreasing sequence of positive weights such that 𝑘(𝑤1, 𝑤2, … , 𝑤𝑛)
1

𝑘 tends to zero as 𝑛 tends 

to infinity and 𝐴 is the backward shift operator on 𝑙𝑝, 1 ≤ 𝑝 < +∞, 𝑐𝑜 with weight(𝑤𝑘), 1 + 𝐴 is a mixing 

operator which does not obey the Kitai’s Criterion. The operator 1 + 𝐴 exhibits a strange behavior when the 

weights are very small which means that no vector with an infinite support can have an orbit that grows 

polynomially. 

Yousefi and Rezaei[2005] proved the following; 

 

Theorem 1.3[Yousefi and Rezaei,2005] 

For an operator 𝑆 ∈ 𝐴(𝐾) the following are equivalent; 

i.𝑆 satisfies the hypothesis of the hypercyclicity criterion 

ii.For each pair 𝑈, 𝑉 of non-void open subsets of 𝐾, and each neighborhood 𝑊 of zero, 𝑆𝑛𝑈 ∩ 𝑊 ≠ ∅  and 

𝑆𝑛𝑊 ∩ 𝑉 ≠ ∅ 

On their part Farrukh and Octabek [2017] showed that any unilateral, backward shift 𝐵∝ is hypercyclic 

iff lim 𝑠𝑢𝑝𝑛→∞ ∏ |𝑎𝑖|=∞𝑛
𝑖=1
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II. Necessary And Sufficient Condition For Hypercyclicity Of Basic Elementary Operator 
Theorem 2.1 and 2.2 gives the results; 

 

Theorem 2.1 

Let 𝑀𝑇,𝑆: 𝐴(𝐾) → 𝐴(𝐾)be a basic elementary operator . 𝑀𝑇,𝑆is said to be hypercyclic if there exist a linear 

mapping 𝑊: 𝐴(𝐾) → 𝐴(𝐾) and a countable SOT-dense subset 𝑉 of 𝐴(𝐾) such that 𝑀𝑇,𝑆𝑊 is the identity mapping 

on 𝐴(𝐾) and for each operator 𝐷 in 𝑉 , 

lim
𝑛→∞

‖𝑊𝑛(𝐷)‖ = 0 

and 

lim
𝑛→∞

‖𝑀𝑇,𝑆(𝐷)‖ = 0 

Proof 

Let 𝐶 = {𝐵𝑗 : 𝑗 ≥ 1} represent the countable SOT-dense subset 𝐶. A series of integers 𝑛𝑗: 𝑗 ≥ 1can be found. 

Determine a positive number 𝑛2 such that the following three inequalities hold, given 𝑛1 being a positive integer 

such that ‖𝑊𝑛1(𝐵1)‖ < 2−1 

‖𝑊𝑛1+𝑛2(𝐵2)‖ < 2−12−2………………..(1) 

‖𝑊𝑛2(𝐵2)‖ < 2−2 … … … … … ………………….(2) 

‖𝑀𝑇,𝑆
𝑛2(𝐵2)‖ < 2−2……………………….(3) 

𝑛1, 𝑛2 allows us to choose a positive integer 𝑛3 such that 

‖𝑊𝑛1+𝑛2+𝑛3(𝐵3)‖ < 2−12−22−3 

‖𝑊𝑛2+𝑛3(𝐵3)‖ < 2−22−3 

‖𝑊𝑛3(𝐵3)‖ < 2−3 

And also 

‖𝑀𝑇,𝑆
𝑛2+𝑛3(𝐵1)‖ <  2−22−3 

‖𝑀𝑇,𝑆
𝑛3(𝐵2)‖ <  2−3 

We can find a positive integer 𝑛𝑗 such that, for any integers 𝑚 =  1,2, … , 𝑗 we can generalise this so that we have; 

‖𝑊𝑛𝑚+𝑛𝑚+1+⋯+𝑛𝑗(𝐵𝑘)‖ < 2−𝑚2−𝑚−1 … 2−𝑗 … … … … … . (4) 

moreover, for every integer 𝑙 = 2,3, … 𝑗 

‖𝑀𝑇,𝑆
𝑛𝑙+𝑛𝑙+1+⋯+𝑛𝑗 (𝐵𝑙−1)‖ <  2−𝑙2−𝑙−1 … 2−𝑗……..(5) 

Our definition of 𝐵 with respect to the sequence 𝑛𝑗 is; 

𝐵 = ∑ 𝑊𝑛1+𝑛2+⋯+𝑛𝑗

∞

𝐽=1

𝐵𝑗  

wherein each summand fulfils 

‖𝑊𝑛1+𝑛2+⋯+𝑛𝑗(𝐵𝑗)‖ < 2−12−2 … 2−𝑗 

As a result, the series equation defining 𝐵 in 𝐴(𝐾) is totally convergent. 

Next, by first noting the following, we demonstrate that 𝐵 is a hypercyclic vector of 𝑀𝑇,𝑆for each integer 𝑚 ≥ 2 

𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝑚 (𝐵) = ∑ 𝑀𝑇,𝑆

𝑛1+𝑛2+⋯+𝑛𝑚 𝑊𝑛1+𝑛2+⋯+𝑛𝑗

∞

𝐽=1

𝐵𝑗  

due to 𝑀𝑇,𝑆 boundedness 

= ∑ 𝑀𝑇,𝑆
𝑛𝑗+1+⋯+𝑛𝑚 + (𝐵𝑗) + 𝐵𝑚 +

𝑚−1

𝑗=1

∑ 𝑊𝑛1+𝑛2+⋯+𝑛𝑗(𝐵𝑗)

∞

𝑗=𝑚+1

 

And therefore, 

‖𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝑚 (𝐵) − 𝐵𝑚‖ ≤ ∑ ‖𝑀𝑇,𝑆

𝑛𝑗+1+⋯+𝑛𝑚 + (𝐵𝑗)‖ +

𝑚−1

𝑗=1

∑ ‖𝑊𝑛1+𝑛2+⋯+𝑛𝑗(𝐵𝑗)‖

∞

𝑗=𝑚+1

≤ ∑ 2−𝑗−1 … 2−𝑚

𝑚−1

𝑗=1

+ ∑ 2−𝑚−1 … 2−𝑗 <

∞

𝑗=𝑚+1

2−𝑚 ∑ 2−𝑗

∞

𝑗=0

+ 2−𝑚−1 ∑ 2−𝑗

∞

𝑗=0

= 2−𝑚+1 + 2−𝑚 

and hence 

lim
𝑚→∞

‖𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝑚 (𝐵) − 𝐵𝑚‖ = 0…………..(6) 

Here, we employ equation (6) above to demonstrate that an operator of the kind exists in every basic SOT-open 

set 𝐷. 

𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛∝ (𝐵) 
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for any integer∝, and so 𝑜𝑟𝑏(𝑇, 𝑆) is SOT-dense in 𝐴(𝐾) The strong operator topology formulation allows 𝐷 to 

be written as ; 

𝐷 = 𝐷(𝑈0,𝜖; ℎ1, ℎ2, … , ℎ𝑁) 

= {𝑈 ∈ 𝐴(𝐾): ‖(𝑈 − 𝑈0)ℎ𝑖‖ < 𝜖, ∀𝑖 = 1, … , 𝑁} 

where 𝜖 > 0, 𝑈0 is an operator in 𝐴(𝐾) and ℎ1, ℎ2, … ℎ𝑁are 𝑁 vectors in 𝐾. 

If all ℎ𝑖  are zero vectors, then 𝐷 =  𝐴(𝐾) so we can conclude that at least one ℎ𝑖 is non-zero in our proof. Let 𝐸 

be the maximum value of ‖ℎ𝑖  ‖for 1 ≤ 𝑖 ≤ 𝑁. Equation (6) provides an integer 𝑀 such that for all integers 𝑚 ≥
𝑀 the inequality 

‖𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝑚 (𝐵) − 𝐵𝑚‖ < (2𝐸)−1𝜖 holds true. 

If 1 ≤ 𝑖 ≤ 𝑁  and 𝑚 ≥ 𝑀 then 

‖𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝑚 (𝐵)ℎ𝑖 − 𝐵𝑚(ℎ𝑖)‖ < (2𝐸)−1𝜖‖ℎ𝑖‖ ≤

𝜀

2
 …………..(7) 

Again, the set 𝐶 densely spans 𝐴(𝐾) in the strong operator topology (SOT), so the set {𝐵𝑚: 𝑚 ≥ 𝑀} also densely 

spans 𝐴(𝐾) in the SOT. Therefore, we can select an integer ∝≥ 𝑀in such a way that 

𝐵𝛼 ∈ 𝐷 (𝑈0,
𝜀

2
; ℎ1, ℎ2, … , ℎ𝑁) for every 𝑖 = 1,2, … , 𝑁 

‖(𝐵𝛼 − 𝑈0)ℎ𝑖‖ <
𝜀

2
……………(8) 

Consequently, for that specific integer 𝛼and for every ℎ𝑖 

‖𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝛼 𝐵(ℎ)𝑖 − 𝑈𝑜(ℎ𝑖)‖ ≤ ‖𝑀𝑇,𝑆

𝑛1+𝑛2+⋯+𝑛𝛼 (𝐵)ℎ𝑖 − 𝐵𝛼(ℎ𝑖)‖‖𝐵𝛼(ℎ𝑖) − 𝑈𝑜(ℎ𝑖)‖ 

<
𝜀

2
+

𝜀

2
= 𝜀< 

Using Inequalities (7) and (8), we can conclude that. 

(𝑀𝑇,𝑆
𝑛1+𝑛2+⋯+𝑛𝛼 )(𝑆)𝜖 𝑉and the proof is now complete. 

The following theorem outlines a requirement that must be met for the basic elementary operator to exhibit 

hypercyclicity. 

Theorem 2.2 

If 𝑀𝑇,𝑆: 𝐴(𝐾) → 𝐴(𝐾)is hypercyclic , then for every scalar 𝛽 the mapping 𝑀𝑇,𝑆 − 𝛽 has an 

an SOT-dense range. 

Proof 

If 𝑀𝑇,𝑆
∗ is a Banach space adjoint of the basic elementary operator 𝑀𝑇,𝑆  then every non-zero SOT linear 

functional 𝑍 is not hypercyclic if ∃ a scalar 𝛽: 𝑀𝑇,𝑆
∗ = 𝛽𝑍 

To show this; 

𝑍(𝑀𝑇,𝑆
𝑛 )𝑊 = (𝑀𝑇,𝑆

∗𝑛 𝑍)(𝑊) = 𝛽𝑛𝑍(𝑊) 

for any operator 𝑊𝜖𝐴(𝐾)and any positive integer 𝑛. 

  This means that 𝑜𝑟𝑏(𝑊, 𝑀𝑇,𝑆) is not SOT dense in 𝐴(𝐾). Therefore if 𝑀𝑇,𝑆 is hypercyclic, then for any 

non-zero SOT- continous linear functional 𝑍 on 𝐴(𝐾) and for every scalar 𝛽 then there exists 𝑊 ∈ 𝐴(𝐾) such 

that 𝑍(𝑀𝑇,𝑆 − 𝛽)𝑊 ≠ 0 

  So, because 𝐴(𝐾) is a locally convex topological vector space in SOT, it follows that (𝑀𝑇,𝑆 − 𝛽)𝐴(𝐾) 

is SOT dense in 𝐴(𝐾). If the operator 𝑀𝑇,𝑆 possesses a single hypercyclic vector 𝑊, then it is necessary for 𝑀𝑇,𝑆 to 

have a densely scattered set of hypercyclic vectors under the strong operator topology (SOT) and (𝑀𝑇,𝑆
𝑛 )𝑊 is 

hypercyclic vector for 𝑀𝑇,𝑆 to see this, we notice that the set; 

{𝑊, 𝑀𝑇,𝑆, 𝑀𝑇,𝑆
2 , 𝑀𝑇,𝑆

3 , … } 

is SOT dense in 𝐴(𝐾) which implies that the set {(𝑀𝑇,𝑆
𝑛 )𝑊, (𝑀𝑇,𝑆

𝑛+1)𝑊 , (𝑀𝑇,𝑆
𝑛+2)𝑊 , … } is also SOT dense. 

 

III. Conclusion 
  Necessary and sufficient conditions for hypercyclicity of basic elementary operator has been established 

using Chan’s approach. Necessary and sufficient conditions for hypercyclicity of other operators can be attempted 

using similar approach. 
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