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Abstract: The purpose of this paper is to introduce and study the properties of (1,2) y- open set in
bitopological space .In this paper we also study (1, 2) y-locally closed set, (1,2) y-t-set, (1,2) y-B-set and
relationship between (1,2) b-open set and (1,2) y-open set .
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. Introduction
D. Andrijevic and M. Ganster [3] introduced a class of generalised open sets in a topological spaces,
the so called y-open set .The class of y-open sets contains all semi-open sets, pre-open sets, and b-open sets.
Further Tong [4] introduced the concept of t-set and B-set in topological spaces. In 1963 J.C Kelly [5]
introduced the concept of bitopological spaces .The purpose of this paper is to introduce the » -open set in

bitopological space, study the properties of this set and investigate the relationship between (1,2) y-open set,
(1,2) locally -closed set , (1,2) y-locally closed set and (1, 2) b-open set . In this paper lastly we study
comparison of (1, 2) y-open set with (1,2) -y-open set .

I1.  Preliminaries
Throughout this paper by X we mean bitopological space ( X,7,,7,)
Definition 2.1 A subset A of X is 7,7, -open ([6]) if A € 7, U7, and 7,7, -closed if its complement is 7,7,
-open in X. The 7,7, -closure of A is denoted by 7,7, -cl (A) and 7,7, -CI(A) = N{F:ACF andFCisa 7,7,
-open}
Remark 2.2 [2] Notice that 7,7, -open subsets of X need not necessarily form a topology.

Now, we recall some definitions and results which are used in this paper.
Definition 2.3 [7] A subset A of a bitopological space X is

(i) (1,2) semi-open setif Ac 7,-cl(z,-int(A))

(ii) (1,2) pre-openset if Acz;-int(z,-cl( A))

(iii) (1,2)  -openset if Ac z,-int(z,-cl(7, -int( A))

(iv) (1,2) b-open setif Ac 7 -int(z,-cl(A)) U z,-cl(z,-int( A)).

(v) (1, 2) regular open set if A= 7,-int(7,-cl( A)).

The complements of all the above mentioned open setsare called their respective closed sets. The family
of all (1,2) open sets [(1,2) semi open, ( 1,2) regular open,(1,2) a-open, (1,2) b-open Jof X will be denoted by
(1,2) O(X)(resp. (1,2) SO(X), (1,2) RO(X), (1,2)a O(X), (1,2) b O(X)].

Proposition 2.4[7] In a bitopological space (X,7,,7,) ,any opensetin (X,7,) is (1,2) b-open set and
any open setin (X,7,) is (2,1) b-open set.

Remark 2.5[7] In a bitopological space (1, 2) b-open set and (1, 2) locally closed are independent.
Proposition 2.6 [7]
(i) The union of any family of (1, 2) b-open sets is (1, 2) b-open.

(if) The intersection of an 7, open setand a (1, 2) b-open setisa (1, 2) b-open set.

. (1, 2) - open set
Definition 3.1 A subset A of (X,7,,7,) issaid to be (1, 2) y- open set if for any non empty (1, 2) pre-open
set B inX such that A B < 7,-int(7,-cl (AN B)) .

Example 3.2 Let X={a, b, c}, 7, ={{a} .{b}, {ab}, @ X}, 7, ={{b}. @ X}
(1,2) y- O(X) = {{a}, {b}. {a, b} {b.c}. 9. X}.
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Remark 3.31Ina bitopological space (X,7,,7,) a 7,0pen setand a (1, 2) y-open set are independent as
seen in the following examples.
Example 3.4 Let X={a, b, c} 7, ={{a,c}o X} 7,={{b} {a b}o X}
(1, 2)PO(X) = {{a, c}, {b, c}, {a, b}, {b}, ¢ , X} (1,2) ¥ -O(X) = {{a,b}, {b}, ¢ X
Here, {a, c} is 7, open set but not a (1, 2) y-open set .
Example 3.5 Let X={a, b, c} 7, ={{a}, {b}, {a b} ¢ X} 7,={{b}, {c }{b c} ¢ . X}

(1,2PO(X)={{a }.{b} {a b} {b,c}, ¢ X}
(1,2) y-0(X)={{a}, {b} {a b}, {b,c}, ¢ X}

Here {b,c} isa (1, 2) y-open set but nota 7, -open set.
Definition 3.6 Asubset A of (X,7,,7,) iscalled
(i) (1,2) locally closed if A=U [V ,where U ez, andVisa 7, - closed set.

(i) (1,2) locally y -closed if A=U 1V ,where U €7, and V isa 7,-y closed set.
Remark 3.7 (1, 2) y- open set and (1, 2) locally closed are independent as seen from the following example.

Example 3.8 Let X={ab, c,d}, r,={{a}, {a,b}, {a,c,d} @ X}, 7,={{a}.{d}, {a d}, @ X}
(L, 2) 7 -O(X) = {{a}, {ab}.{a, d}{a b, d}{a ¢, d} ¢ X}.
(12) LC(X) = {{a}, {b} {c}.{a ch{ab}, {a b, c}{b,c, d}. {a, ¢, d}, ¢ X }.
Here {a, b, d}is (1,2) y -open set but not (1,2) locally closed and {a, b,c} is (1,2) locally closed but not
(1,2) y -open set.
Definition 3.9 A space is called (1, 2) extremally y-disconnected space if 7, - ¥ closure of each 7, - » open set
is 7,- yopen ,similarly 7, -y closure of each 7,-y open setis 7,-y open.
Example 3.10 Let X={ab, c},7,={{a}, {b}, {a.b}, @ .X}.7, ={{a}{c}{a c} @ X}
7,-y O(X) = {{a}, {b}, {a, b}, @ X}.
7,-7 O(X) = {{a}{c}. {a. c}, @ X}
Hence every 7, -y closure of each 7, - y open setis 7,- »open setand also every 7,- ¥ closure of each
T,- yopen setis 7,- yopen set.
Theorem 3.11 For a subset A of an (1, 2) extremely y-disconnected space X, if Ais (1, 2)y-open set and
(1, 2) locally closed set , then Ais 7, -open.
Proof Let A be (I1,2)vy-opensetand (1, 2) locally closed set. So
(ANB) c 7, int(z,CI(ANB)) and A=U N 7,CI(A) Then
(AN B) c 7, int(z,CI(A) N 7,CI(B))

c 7, int(z,ClI(U N 7,CI(A)) N 7,CI(B))

cr, intlU Nz,CI(A)Nz,ClI(B)) (Since Xis (1, 2) extremely y-disconnected)

c 7, int(ANz,CI(B))

< 7,Cl(z, int(AN B))

=z, int(AN B)

Hence (AN B) <z, int(A( B)
Therefore Ais 7, -open.
Proposition 3.12 Let Hbe a subset of X, His (1,2) locally y- closed set iff there exist an 7, open set UC
X such that H=U[) (1,2) y cl-(H).

Proof: Since H is (1,2) locally y-closed = H=U[)F, where U is 7,open and F is (1,2) y-closed .
SoH cC U HCF

H < (1,2)y-cl (H) <(1,2) y-cl(F)=F

Hence Hc U (1,2)y-cl(H) < U (1,2)y-cl(F)yc U] F=H
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Hence H=U[) (1,2) y -cl(H).
Conversely since (1,2) y-cl(H) is (1,2) y- closed and H=U [ (1,2) y-cl(H) then His (1,2) locally y- closed.
Proposition 3.13 The union of any family of (1, 2) 7 -open setis a (1,2) y -open set.
Proof: Let A and B be any two (1,2) y- open set .So there exist two non empty pre-open set C and D ,we have
(ANC) 1z, int(z,cl(ANC)).
(BMD) <z, int(z,cl (BN D)).
Now, (AUB)N(CUD)
= (ANC)U(BMND)
< 7, int(r,cl (AN C)) U, int(z,cl (B N D))
< 7, int(r,cl (AU B)) Nz, int(z,cl (B U D))
c o, int(z,cl((AUB)N(CUD))).
Hence the union of any family of (1,2) » -open setis a(1,2) y -open set.

Proposition 3.14 The intersection of any two (1, 2) y-open set is a(1,2) y-openset .
Proof LetA and B be any two (1,2)y- open set.
So, forany (1, 2) pre open set C

(ANC) <z, int(z,cl (AN B)) and
(BNC) < 7, int(z,cl(BNC)
Now, (ANB)=AN(BNC)

By the definition of (1, 2) - open set (A (B(C)) is a (1, 2) pre open set. Hence A(\B isa (1,2) y -
open set.
Proposition 3.15 Let A bea subsetof (X,7,,7,) and if A is (1,2) locally y -closed then
(i) (1,2) y cl(A)- A is(1,2) y -closed.
(i) [AU (X-ycl(A)] is (1,2) y -open set.
(i) Ac yint(AU(X —jcl(A)))
Proof (i) If Aisan (1,2) locally y -closed, then there existan 7, open set U such that
A=UN(L2)5cl(A)
Now, (1,2)scl(A) -A

=12 yel( A-TUNEL2)scl(A)]

= (L 2)y el (A) NIX-WU (X-(1.2) cl(A))].

=(1,2)ycl (A) () (X-U) ,whichis (1,2)y-closed.(by proposition 3.8)
(ii)Since (1,2) cl(A)-Ais (1,2) y - closed, then [X-((1,2) ¥ cl(A)-A] is (1,2) ¥ -open .
And
{[X-((1, 2)cl(A)-A)]
=(X-(1,2) cl(A U (XN A)
=AU [X-(1, 2)cl(A)]}.
Hence [AU (X- ¢l (A))]is (1, 2) y -open.
(iii) It is clear that
Ac[AU(X - (L2)xl(A)]
=(1,2) y int[(AU (X- 7 cl (A))].Hence the proof.
Remark 3.16 (1, 2) « -open set and (1, 2) locally y-closed are independent as seen from the following example.
Example 3.17 Let X={a b, ¢, d}, 7,={{a}, {a,b}, {a ¢, d}, ¢.X}, 7,={{a}, {a d}, ¢.X}.
(1,2) & O(X)={{a}.{a,b}.{a, c}.{a, d}.{a, b,c},{a b ,d}.{a c, d}, @ X}
Locally (1,2) ¥ C(X) = {{a}.{b}.{c}.{d}.{a.b}{b,c}{b, d}.{c, d}{b, c .d}.{a, c, d}, @ X}
It is obvious that {a, b, c} isa (1, 2) & -open set but not (1,2) locally y -closed . Also {b, c, d}is (1,2) locally
¥ -closed but not (1,2) « -open set.
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Proposition 3.18 Asubset A of (X,7,,7,) is 7, -open iff it is (1, 2) pre-open and (1,2) B-set.
Proof IfAis 7, openthen A is (1,2) pre-open.

And Ac 7, int(z,cl(A))

So A=UV,where U ez, and Vis a(1,2) t-set.

Hence A isa(1,2) pre-openand (1,2) B-set.
Conversely A isa (1, 2) pre-open and (1,2) B-set.

= Ac r,int(r,cl(A)) and A=U NV, where U ez, and V is a(1,2) t-set.
Therefore 7, int A= 7, int(z,cl(A))
Hence 7,int Ac A
Also 7, int Ac A
Hence Ais 7, open.
Definition 3.19 A subset A of aspace (X,7,,7,) issaid to be
(i) (1, 2) y- semi open if Ac 7,Cl(z, yint (A))
(ii) (1, 2) y -pre open if A 7, int(z, ycl(A))
Proposition 3.20 For subsets A and B of a space (X, 7,,7,) the following properties are hold.

(i) Ais (1, 2) y-t set iff it is (1, 2) y-semi closed.

(i) If Aand B are (1, 2) y-t sets then (A[) B) is a (1, 2) y-t set.

(iii) If Ais7,-y closed thenitisa (1,2)y-t set.

Proof (i) Let Abe (1,2) vy-tset.

So 7, int A=z, int(z, y-cl(A))

Therefore, 7, int(z, (y-cl(A)) = 7, INt AC A and A is (1,2)y- semi closed.
Conversely, If Ais (1, 2) y-semi closed then

7, int(z, y-cl (A)) < A
Thus 7, int(z, y-cl(A) < 7, int A
Also A < 7,v-cl(A)
= 7,intAc 7, int(z,y-cl(A))
Hence 7, int A=7, int(z,y-cl(A)).
(i) LetAandBbe (1,2) y-t-sets. Then we have
7, iInt(AN B) < 7, int(z,cl (A B))
c 7, int(z,cl(A)) Nz, int 7,cl(B))
=g, int ANz, intB
Then 7, int(A( B) =z, int( z,cl(AN B))
Hence A()Bis (1, 2) y- t —set.
(iii) Let A be a 7,-y closed.
A=1,-yclA
= 7, Int A=z, int(z,y-cl(A))

Hence Aisa (1,2) y-t set.
Remark 3.21 In a bitopological space, if Ais a (1, 2)y-tset then itis may not be (1, 2) y -closed as seen in

the following example.

Example 3.22 Let X ={a,b, c}, 7; ={{a}.{b}.{ab} @ . X} 7, ={{b} @ X}

(1, 2) PO(X) = {{a}, {b}, {a.b}{b.c}, @ X}. ("1, 2) y O(X) ={{a}.{b}.{a.b}.{b.c} @, X}
(1,2) y-cl(X) = {{b, c} {a, c}{c}{a}. ¢ . X}.

Here {b} is (1, 2) y -tset butitis not (1, 2) y -closed.
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Remark 3.23 In bitopological space every (1, 2) ¥ -open set is (1, 2) b -open set but converse is not true as
seen in the following example.
Example 3.24 Let X={a b,c,d}, r,={{a}, {a c,d}, {a b}, ¢.X}, 7,={{a}, {d}. {a.d}, ¢ X}
(1,2) y O(X) ={{a}, {a b}, {a d} {a b d} {a c d} ¢ X}
(1,2) b O(X) ={{a}, {a,b}.{a, d}.{a,b ,d}{a c, d }.{a c}.{ab, c}, @ X}
It is obvious that {a, c} is (1, 2) b- open set but not (1, 2) ¥ - open set.
IV . (1,2)-) - Open Set
Now we define (1,2)" y -open set using the 7., open set [8] and 7, , pre open set [8].

Definition 4.1 Let A be a subset of X. Then Ais called 7, , - open [8] if A=A UB,

Where A €7, ,Bier, .

The complement of 7, ,-openset[8] is 7, , -closed set. The family of all 7, , -open setand 7, , -closed set is
denoted by (1, 2)-O(X), (1,2)"-C (X).

Definition 4.2 Let A be a subset of a bitopological space X. Then

1) 7, , -closure of A [8] denoted by 7, , -cl(A) is defined as the intersection of all 7, , - closed sets containing A.

2) 7, -interior of A [8] denoted by 7, , -int (A) is defined as the union of all 7, , - open sets contained in A .

Definition 4.3 A subset Aofa space (X, 7;,7, )iscalled (1,2)*- y - open set if there exist a non empty
(1,2)*- pre open set B such that
(ANB) cz,, —int(z;, —cl(AMNB)).

Example 4.4 Let X={a b, c} 7r,={{a},{a b}, ¢, X} 7,={{c} ¢, X}

71 ,-open = {{a}, {a, b}, {c}, {a, c}, ¢, X} .(, 2)" -pre -open set = {{a}, {a, b}, {c}, {a, c}, @ . X}

(1,2) -y -open set = {{a}, {a b}, {c}. {a, c}.p . X}
Remark 4.5 Every (1, 2) ¥ open set is a (1, 2)"- ¥ -open set but converse may not be true as seen in the
following example.
Example 4.6 Let X={a b, c} 7,={{a}, {a b}, {b}, ¢, X} 7,={{c} {ab}, ¢, X}
(1, 2) pre -open = {{a}, {a. b}, {b} ,{b.c} {a. c}. @, X}
(1,2) y -openset={{a}, {a b}, {b}, ¢, X}
(1,2)-0(X) = {{a}, {a, b}, {b, {c}, {b.c} {a.c} @, X}
(1,2)" - PO(X) = {{a}, {a, b}, {b} , {c}, {b.c}, {a .c}, @, X}
(1,2)" -7 -0(X) = {{a}, {a, b}, {b} {c}, {b.c}, {a .c} ¢, X}
V . Conclusion

We know that in bitopological space collection of open set need not necessarily form a topology [2] and
violate the topological properties. But from the present study we conclude that collection of » -open set form a

topology in bitopological space .Also in this paper we have proved (1,2) ¥ -O(X) c(1,2)- ¥ -O(X) and we
will use the collection (1,2)- ¥ -open set for more results .
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