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. Introduction

The concept of the commutativity has been generalized in several ways. For this, Sessa, S. [17] has
introduced the concept of weakly commuting. Obviously two commuting mappings are weekly commuting but
not conversely as given in [17]. Gerald Jungck [4] initiated the concept of compatibility. A weakly commuting
pair is compatible but not conversely as given in Jungck [4]. In the later years the concept of compatibility is
further generalized in many ways. G. Jungck and P.P. Murthy and Y.J. Cho [5] introduced the concept of
compatible mappings of type (A) and they gave some examples to show that compatible maps of type (A) need
not be compatible mappings.Extending type (A) mappings H.K.Pathak and M.S.Khan [13] introduced the
concept of compatible mappings of type (B) and they gave some examples to show that compatible maps of
types (B) need not be compatible mappings of type (A). In 1996,H.K.Pathak, Y.J.Cho, S.S. Chang and
S.M.Kang[11] introduced the concept of compatible mappings of type(P) and they gave some examples to show
that compatible mappings of type(P) need not be compatible mappings, compatible mappings of type(A),
compatible mappings of type(B).In 1998, H.K.Pathak, Y.J.Cho, S.M.Kang and B.Madharia [12] introduced
another extension of compatible mappings of type (A) in normed spaces called compatible mappings of type (C)
and with some examples they compared these mappings with compatible maps.From the propositions given in
[4], [5], [11], [12],[13] we observe that the concept of compatible, compatible mappings of type (A), compatible
mappings of type (B),compatible mappings of type(P) and compatible mappings of type (C) are equivalent
when S and T are continuous. They are independent if the functions are discontinuous. It has been known
from the paper of Kannan [8] that there exists maps that have a discontinuity in the domain but which have fixed
points. Moreover, the maps involved in every case were continuous at the fixed point. In 1998, Jungck and
Rhoades [6] introduced the notion of weakly compatible and showed that compatible maps are weakly
compatible but not conversely. Recently in 2006 Jungck and Rhoades [7] introduced occasionally weakly
compatible maps(owc) which is more general among the commutativity concepts. The main purpose of this
paper is to extend the results of [7 ] and [15].

I1.  Preliminaries
Definition 2.1. Let S and T be mappings from a metric space (X, d) into itself. The mappings S and T are said to
be

(i) Compatible if M d(STx,, TSx,) =0
n—oo
(i)  Compatible of type(A) if IM d(STx,, TTx,) =0 and
n—oo
lim d(Tsx,, SSx,) =0
n—o0

(iii) Compatible of type(B) if

. 1 .. .

lim d(sTx,, TTx;) <= [lim d(sTx,, sty + lim d(st, ssx,)] and
2 now n—o

n—o0
) 1 .. )
lim d(Tsx,, SSx,) <= [liM d(TSx,, Tty + M d(Tt, TTx,)]
n—o 2 now n—w

(iv)  Compatible of type(P) if IM d(SSx, , TTx,) =0
n—o0
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(v) Compatible of type(C) if
) 1 ,. . .
lim d(STx,, TTx,) <= [IM d(STx,, Sty+ lIM d(St, SSx,)+ lim d(st, TTx,)] and
n—o n—o n—o0

n—oo 3

. 1 - .
M d(TSx., SSx.) <= (M d(TSx,, Tty+ M d(Tt, TTx,)+
n—o0 n—o0

n—oo 3

lim d(Tt, SSx.)]
n—o0

when ever <x,> is a sequence in X such that lim sx, = lIm Tx,=t for somet e X.

n—w nN—o0
Definition 2.2. [6]. A pair of maps T and S is called weakly compatible pair if they commute at coincidence
points.

Definition 2.3. [7]. Two self maps S and T on a set X are said to be occasionally weakly compatible(owc) if and
only if there is a point x € X which is a coincidence point of S and T at which S and T commute. i.e., there
exists a point x € X such that Sx=Tx and STx = TSx.

111, Implicit Relations.

Let Tbe the set of all continuous functions F :R§ — R satisfying the following conditions:
(3.1) Fisnon-increasing in variables ts and ts.
(3.2) there exists h € (0,1) such that for u, v >0 with
(3.3) F(uv,v,u,u+v,0<0 or
3.4) F(uv,u,v,0 u+v)<0impliesu<h.v.
(3.5) F(u,u,0,0,u,u)>0 forall u>0.
The following examples of such functions F satisfying (3.1), (3.2), (3.3), (3.4) and (3.5) are available in [15]
with verifications and other details.
Example 3.6: Define F(ty, ty,...,ts) : R§ - Ras

F(ts, to.ts) = ti- kmax{ ta, t, ta(ts + ) 3, where k € (0,1).
Example 3.7:. Define F(ty, t,,....ts) : RS > Ras

F(tl, tz,...,tﬁ) = t%' tl((ltg + Bte, + 'Yt4) — ntsts y

where 0> 0; B,y,N>0;a+p+y<landa+n<l1.
Example 3.8: Define F(ty, ts,...,ts) : RS — Ras

F(tl, tz,. . .,te) = t% - (Xt%tz — Bt1t3t4* 'Ytéts *T]tsté,

where 0> 0; B,y,n>0;a+pf<landa+y+n<lL
Example 3.9: Define F(ty, ty,...,ts) : RS = Ras

_.3 Bti+ 5e
F(ty, t,.. . ts) =t — am , where a € (0,1).

Example 3.10: Define F(t;, t,,....ts) : R& > Ras
F(ty, tyy...\t)) = t2 —atd — p—25—  wherea>0,B>0and a+p< 1.

1+t5+t5
Example 3.11: Define F(ty, t,,...,ts) : RS > Ras
g4d i
F(ty b ko) = ty-ag o at, —aj (ts+tg), iftz+t, #0

tl’ 1ft3+ t4 = 0
Where a; > 0 with at least one a;non zero and a; + a, + 2a3<1.
(3.1): Obvious.

(3.2)((3.3)): Let u >0, F(u,v,v, u, u + v, 0) = u—a; (V> + u?) / (v + u)-a,Vv - ag(u + v) <0. If u>v, then
u < (a; + a, + 2a3)u < u which is a contradiction. Hence u<vand u<hv where h € (0, 1).
(3.4): Similar argument as in (3.3).
(3.5): F(u,u,0,0,u,u)=u>0 forall u>0.
We also add the following examples [16] without verification.
Example 3.12: Define F(ty, t5,....ts) : RS — Ras
__ Ptata+ytste
F(tl, tz,...,te) = t3+ty
tl' 1ft3+ t4 = 0
Where a, 3, v > 0 such that 1 <2a+ < 2.
Example 3.13: Define F(ty, t,,...,ts) : RS > Ras

t,-at, , ifty+t, 0
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F(ty, to,....ts) = ti- uto- aots- agts-aats- asts Where Yi7_;a; < 1
Example 3.14: Define F(t;, t,....ts) : R — Ras
1
F(t, 2, te) = ti—af max {t;, t3, ta,(ts+ts) T+

1
(1-B)[ max{t3, tst,, tste, 2%, 2 }]2], where o €(0, 1) and 0<B<1.
Example 3.15: Define F(t;, t5,....ts) : R§ - Ras
F(ts, .. ts) = tF —amax {t3,t},t7} — Bmax{£2, 22} —ytstq.
Wherea, B, y,>0anda+B+y<1.
Popa et al[16], noticed that Husain and Sehgal [3] type contraction conditions (e.g. [2,9,10,18]) can be deduced
from similar implicit relations in addition to all earlier ones if we slightly modified(3.1) as follows:
(3.1)' Fis decreasing in variables t;,..., te.
Hereafter, let F :R& — Rbe a continuous function which satisfy the conditions (3.1)",(3.2), (3.3), (3.4) and (3.5)
and let v be the family of such functions F. Some examples of [16].
Example 3.16: Define F(ty, t5,....ts) : R§ = Ras

1
F(tll tZa' . '7t6) = tl - (P( max {tZI t31 t415(t5+t6) })

Where ¢ : R"™— R" is an increasing upper semi continuous function with ¢ (0) = 0 and ¢ (t) <t for each t >0.
(3.1)": Obvious.
(3.2)((3.3)): Letu>0.F(u,v,v,u,u+v,0)=u-¢e (max{v,v, u(u+v)/2}) <0.

If u>v, then u < @(u) < uwhich is a contradiction. Hence u<vand u< hv

Where h € (0, 1).
(3.4): Similar argument as in (3.3).
(3.5): F(u, u,0,0, u, u) = u - ¢( max {u,0,0,(utu)/2}) =u- e(u)>0 forall u>0.
Example 3.17: Define F(ty, t,,...,ts) : R& > R as

F(tl, tz,. . .,tﬁ) = tl — (p(tz,tg,. . .,ts)
Where ¢ : R5— R" is an upper semi continuous and non decreasing function in each coordinate variable such
that ¢ (t, t, at, Bt, yt) <t for each t >0 and o, B, y > 0 with

o+ pty<3.
Example 3.18: Define F(ty, t5,....ts) : R§ - Ras

F(tl, tz,...,tﬁ) = t% - (P(t% ,t3t4,t5t6,t3t6,t4t5)
Where ¢ : R5— R"is an upper semi continuous and non decreasing function in each coordinate variable such
that ¢ (t, t, at, Bt, yt) <t for eacht>0 and o, B, y>0

with o+ B +7y <3.
Here it may be noticed that all earlier mentioned examples continue to enjoy the format of modified implicit
relation as adopted herein.

IV.  Main Result
Now we state our first main result:
4.1 Theorem: L, M, A, B, Sand T be self mappings of a metric space (X, d) satisfying the conditions
(4.1.1) F(d(Lx, My), d(ABx, STy), d(ABx, Lx), d(STy, My), d(ABx, My), d(STy, Lx)) <0
(4.1.2) L(X) ¢ ST(X) and M(X) < AB(X).
If one of L(X),M(X),AB(X) or ST(X) is a complete subspace of X, then
(4.1.3) the pair (L,AB) has a point of coincidence,
(4.1.4) the pair (M, ST) has a point of coincidence.
Moreover, L,M,AB and ST have a unique common fixed point provided both the pairs (L, AB) or (M, ST) is
occasionally weakly compatible mappings.
Further if
(A, B), (S,T), (M,T), (L, T),(M,B) are commuting mappings then A,B,S,T,L and M have a unique common fixed
point.

Proof. Since L(X) < ST(X), for arbitrary point x,e X there exists a point x;eX such that

LXo = STx;. Since M(X) < AB(X), for the point x;, we can choose a point x,e X such that

Mx; = ABx;and so on. Inductively, we can define a sequence <y,> in X such that

(415) Yon= LXon= STXon+1 and Yon+1 = MXon+1 = ABXopso s N = 0,1,2,

From (4.1.1) we have
F(d(LX2n+2,MX2n+1),d(ABX2n+2,STX2n+1),d(ABX2n+2,LX2n+2),d(STX2n+1,MX2n+1),

d(ABXan+2,MXan+1), d(STXzn41,LX2n42)) <0
or F(d(Yans2, Yan+1)s d(¥one1s Yon), A(Yans1, Yons2)s A(Yon, Yons)s A(Yans1s Yonsa)s A(Yan, Yon)) <0
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or F(d(Yans2, Yon+1), 0, d(Yons2, Yon1), 0,0,0) <0

or F(d(Yan+2, Yon+1), 0, d(Yons2,Y2n41), 0,0,0(Y2n+2, Yont1)) <0

Yielding thereby d(Yan+2, Yan+1) = 0 (due to (3.4)). Similarly, using (3.3) we can show that
d(Yan+1, Y2n) = 0. Thus it follows that d(Y,, Yn1) = 0 for everyn € N.

Let us write d,= d(y,, Yn+1), N =0,1, 2,.... First we shall prove that <d,>is a non-decreasing sequence in R*.
From (4.1.1), we have
F(d(LXZn:MX2n+1)| d(ABXZm STX2n+l)y d(ABXZm LXZn)y d(STX2n+lyMX2n+l)y
d(ABXZH,MXZnﬂ): d(STX2n+ly LXZn)) < O,
or  F(d(Yan, Yon+1), A(Yzn-1, Y2n)s d(Yan-1, Yon), A(Yan, Yone1),d(Yan-1, Yone1), A(Yans Yon)) <0,
or  F(d(Yan, Yon+1), d(Y2n-1, Y2n)s d(Yan-1, Yon), A(Yan, Yonet),
d(yzn—lx y2n+l) + d(y2n-ly y2n) + d(y2n+ly an), O) < 0
or  F(d(Yan, Yon+1), d(Yan-1, Yon), d(Yan-1, Yan)s A(Yon, Yane1),d(Yan-1, Yan) + d(Y2n, Yans1), 0) <O
Implying thereby dy, <hdy,1< daqg (due to (3.3)). Similarly using (3.4), we have dyn+1<hda,. Thus dn+; < d,forn
=0, 1, 2, ... Now proceeding on the lines of the proof of Lemma 3.2 [14, p.355], we can show that
d(y;, y)) =0fori,j e N.
Now we show<y,>is a sequence in a metric space (X, d) described by (4.1.5), then

lim d(y,, yae1) = 0.
n—oo

We have i< hdonand dan < hdan1. Therefore, we obtain d, < h"d. Hence M d(Yn, Yns1) = lim d.=o.
n— N—o0

The sequence <y,>described by (4.1.5) is a Cauchy sequence.

Since lim d (yn, Yn+1) = 0,it is sufficient to show that a subsequence <y,,>of <y,>is a Cauchy sequence in X.
Suppose that <y,,>is not a Cauchy sequence in X. Then for every >0 there exists strictly increasing sequences
<my>, <n,>of positive integers such that k <ny< my With d(y2p,, —1,Y2m, ) = € and d(V2p,,, + Yom, —2) <€. Now
proceeding on the lines of the proof of Lemma 1.3[1] (or Lemma 3.3[14]), we obtain

M (v, Y2m,) = € M A2, Y2m, 1) = € 1M (2,41 y2m,) = < and
lim d(V2n,+1+ Y2m,—1) = €. Now using (4.1.1), we have
n—oo

F(d(LmeanxznkH): d(ABmek ' STxanH), d(ABmek vaka)y
d(Mx3p, 1, STX2n, 41), d(ABX2, \Mx3y, 41), d(STxp, 41,LX2,) <0
orF(AdW2m,, » Yon,+1)s d02my—1.Y2n,)s dV2my—10 YVamy)s
dWzn, + Y2n, 1)) d02my—10 Yoy 41)s A02n, » Yom, ) <0.
Letting n — oo, we have F(e,€,0,0,&,€) <0, which is a contradiction to (3.5).
Therefore <y,,> is a Cauchy sequence.
Suppose that AB(X) is a complete subspace of X then the subsequence {y.n+1} Which is contain in AB(X). We
must have a limit z in AB(X).

As <y,>is a Cauchy sequence containing a convergent subsequence <y,n+1>, therefore <y,>also
converges implying thereby the convergence of the subsequence <y,,>, i.e. limLxz,= limMXzn+1 = lim STXpp41 =
limABXz4, = 2. Let u € (AB)(2), then
ABU= z. If Lu #z, then using (4.1.1), we have
F(d(LU,MXgn.l), d(ABU, STXZn.l), d(ABU, LU), d(STXZH.l,MXZH.l),
d(ABU,MXgn.l), d(STXZn.l, LU)) <0
which on letting n — oo, reduces to

F(d(Lu, 2), d(z, 2), d(z, Lu); d(z, 2), d(z, 2), d(z, Lu)) <0
or F(d(Lu, 2), 0, d(z, Lu), 0,0, d(z, Lu)) <0
implying thereby d(z, Lu) = 0 (due to (3.4)).
Hence z = Lu =ABu.
Since L(X) < ST(X), there exists v e(ST)™ (z) such that STv=z. By (4.1.1), we have
F(d(Lu,Mv), d(ABu, STv), d(ABu, Lu), d(STv, Mv), d(ABu,Mv), d(STv, Lu)) <0
or F(d(z,Mv), 0, 0, d(z,Mv), d(z,Mv), 0) <0
yielding thereby d(z,Mv) = 0 (due to (3.3)). Therefore
z = Mv. Hence Lu = ABu= Mv= STv= z which establishes (4.1.3) and (4.1.4).
If one assumes that ST(X) is a complete subspace of X, then analogous arguments establish (4.1.3) and (4.1.4).
The remaining two cases also pertain essentially to the previous cases. Indeed, if L(X) is complete, then z
L(X) < ST(X). Similarly if M(X) is complete, then z € M(X) < S(X). Thus in all cases, (4.1.3) and (4.1.4) are
completely established.
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Suppose L and AB are occasionally weakly compatible.
By occasionally weakly compatible of L, AB gives Lu = ABu and L(AB)u = (AB)Lu.
Occasionally weakly compatible of M, ST gives Mv = STv and M(ST)v = (ST)Mv.
L(AB)u = (AB)Lu and LLu = L(AB)u = (AB)Lu = (AB)(AB)u.
We have MMv = M(ST)v = (ST)Mv = (ST)(ST)v.
Form (4.1.1) F(d(LLu,Mv), d((AB)Lu, STv), d((AB)Lu, LLu),
d(STv,Mv), d((AB)Lu,Mv), d(STv; LLu)) <0
or F(d(LLu,Mv), d(LLu,Mv), 0, 0, d(LLu,Mv),d(LLu,Mv)) <O0.
Contradition to (3.5) if d(LLu,Mv)> 0.
Hence LLu = Mv = Lu. So Lu = LLu = (AB)Lu.
Therefore Lu is a common fixed point of L and AB.
Similarlly we can prove that Mv (=Lu) is a common fixed point of M and ST.

To Prove Uniqueness of Lu
Suppose that Lu andLw, Lu = Lw are common fixed point of L, M, ST and AB by (4.1.1)
F(d(LLu,MLw), d((AB)Lu, (ST)Lw), d(LLu, ABLu),

d(MLw,STLw), d(LLu,(ST)Lw), d(MLw, ABLu)) <0
or F(d(Lu,Lw, a), d(Lu,Lw, a)), 0, 0, d(Lu,Lw, a),d(Lu,Lw, a)) <O0.
Which shows Lu = Lw. But Lu =z, so z is the common fixed point of L, M, ST and AB.

Finally we need to show that z is a common fixed point of A,B,L,M,Sand T.

Since (A,B), (A/L), (B,L) are commutative

Az = A(ABz) = A(BAz) = (AB)(Az); Az= ALz =LAz

Bz = B(ABz) = (BA)(Bz) =(AB)(Bz); Bz = BLz = LBz.

Which shows that Az, Bz are common fixed points of (AB, L) yielding there by Az =z =Bz =Lz = ABz in the
view of uniqueness of common fixed point of the pairs (AB, L).

Similarly using the, commutativity of (S, T), (S, M) and (T, M) it can be shown that

Sz=z2=Tz=Mz=STz. Now, we need to show that Az = Sz (Bz = Tz) also remains a common fixed point of
both the pairs (AB, L) and (ST, M) from 4.1.1 we can easily prove Az = Sz and Bz = Tz. Which shows z is a
common fixed pointof A, B, L, M, Sand T.

4.1.6  Corollary : The conclusions of Theorem 4.1 remain true if (for all x, y € X) implicit relation (4.1.1) is
replaced by any one of the following.
4.1.7) d(Lx, My) < k max{ d(ABx, STy), d(ABx, Lx), d(STy,My),
%(d(ABx,My) + d(STy, Lx))},where k €(0,1).
(4.1.8) d*(Lx,My) < d(Lx,My)[ad(ABX, STy)+ Bd(ABX, Lx)+ yd(STy,My)] + nd(ABx,My).d(STy; Lx)
Wherea >0; B,y,n>0,a+p+y<land o +mn<l
(4.1.9) d*(Lx,My) < ad*(Lx,My)d(ABX, STy) + Bd(Lx,My)d(ABx, Lx)d(STy,My)
+ yd®(ABX,My)d(STy,Lx) + nd(ABx,My)d*(STy, LX)
Wherea >0; B,y,n>0,a+p<land a+mn+y <L

3 d%(ABx,Lx)d?%(STy ,My)+ d2(ABx,Ly)d?(STy Lx)

(4.1.10) d(Lx,My) <a 1+d (ABx,STy)+ d (ABx,Lx)+ d(STy ,My)
Wherea €(0, 1).

(4.1.11) d*(Lx,My) < ad*(ABx, STy) + B
Whereo >0, B>0and a + p <1.

d2(ABx,Lx)+ d2(STy,My)
(4.1.12) d(Lx,My) < ay 2 UBx L2 12 GTy M) +a,d(ABX, STy)

+ az(d(ABx, My) + d(STy, Lx))
Wherea; > 0 with at least one anon zero and a; + a, + 2a3 <1.
(4.1.13) d (Lx,My) < ad(ABX, STy)
+ Bd (ABx ,Lx)d(STy ,My)+ yd (ABx,My)d (STy Lx)
d(ABx ,Lx)+d(STy,My)
Wherea, B, y > 0 such that 1 <2a +  <2.
(4.1.14)) d(Lx,My) < a;d(ABX, STy) + a,d(ABXx, Lx)+ a;d(STy,My) + a,d(ABx,My)
+asd(STy, Lx), whereY>  a; <1
(4.1.15) d(Lx,My) < o[ p max {d(ABx, STy), d(ABx, Lx), d(STy,My),

= (d(ABX,My) + d(STy, LX) }+ (1- B)

d(ABx,My)d (STy,Lx)
1+d%(ABx,Lx)+ d%(STy ,My)

www.iosrjournals.org 44 | Page



General Common Fixed Point Theorems For Occasionally Weakly Compatible Mapppings

d(ABx,Lx)d (STy,Lx) d(STy,My)d(ABx,My)

ATy, - 3121

[ max d?(ABx, STy), d(ABx, Lx)d(STy,My), d(ABx,My)d(STy, Lx),

Whereo €(0, 1)and 0 < B < 1.
(4.1.16) d*(Lx,My) < amax {d*(ABx,STy), d*(ABX, Lx), d*(STy,My)}

d(ABx ,Lx)d(ABx,My) d(STy,My)d(STy,Lx)
+Bmax{ : LTy MAGTy ey

+ vd(ABXx,My)d(STy, Lx)
Wherea, B, y>0anda + p +y <1
(4.1.17) d(Lx,My) < ¢ (max{d(ABx, STy), d(ABxX, Lx), d(STy,My),
“{d(ABX,My) + d(STy,LX)]})
Whereg : R"— R"is an upper semicontinuous and increasing function with ¢ (0) = 0 and ¢ (t) < t for each t >0.
(4.1.18) d(Lx,My) < ¢ (d(ABx, STy), d(ABxX, Lx), d(STy,By), d(ABx,My), d(STy,LXx))
whereg : R% — R" is an upper semicontinuous and nondecreasing function in each coordinate variable such that
o(tt,at, pt,yt) <t foreacht >0anda, B, y>0
witha +B+y<3
(4.119)  d¥(Lx,My) < ¢ (d*(ABxX, STy), d(ABx, Lx)d(STy,My),
d(ABx,My)d(STy,Lx),d(ABXx, Lx)d(STy, Lx),
d(STy, My)d(ABx,My))
whereg : R% — R" is an upper semicontinuous and nondecreasing function in each coordinate variable such that
o (t,t, at, Pt,yt) <tforeacht>0anda,B,y>0
witha +B+y<3
Proof. The proof follows from Theorem 4.1 and Examples 3.6 to 3.18 the above.

Put B =T = I, in corollary 4.1.6, we get result in four self maps.
If we put B = T= I, where I, identity self map on X in theorem 4.1 then we get the following result.

4.1.20 Corollary: L,M,A and S be self mappings of a metric space (X, d) satisfying the conditions
F(d(Lx,My), d(Ax, Sy), d(Ax, Lx), d(Sy,My), d(Ax,My), d(Sy, Lx)) <0

for all x,ye X where F enjoys the property (3.5) and L(X) < S (X) and M(X) < A (X).

If one of L(X), M(X),A (X) or S (X) is a complete subspace of X, then

(4.1.21) the pair (L,A) has a point of coincidence,

(4.1.22) the pair (M, S) has a point of coincidence.

Moreover, L,M,A and Shave a unique common fixed point provided both the pairs (L, A) or (M, S) is
occasionally weakly compatible mappings.

Taking L=Mand T = B = Ik in theorem 4.1 we get the following corollary.

4.1.23 Corollary: L,A and S be self mappings of a metric space (X, d) satisfying the conditions
F(d(Lx,Ly), d(Ax, Sy), d(Ax, Lx),d(Sy,Ly), d(Ax,Ly), d(Sy, Lx)) <0 for all x,ye X where F

enjoys the property (3.5) and L(X) < S (X) and

L(X) < A (X).. If one of L(X),A (X) or S (X) is a complete subspace of X, then

(4.1.24) the pair (L,A) has a point of coincidence,

(4.1.25) the pair (L, S) has a point of coincidence.

Moreover, L, A and Shave a unique common fixed point provided both the pairs (L, A) or

(L, S) is occasionally weakly compatible mappings.

Taking A=Sand T =B = Ik in theorem 4.1 we get the following corollary.

4.1.26 Corollary: L,M and S be self mappings of a metric space (X, d) satisfying the conditions
F(d(Lx,My), d(Sx, Sy), d(Ax, Lx), d(Sy,My), d(Sx,My), d(Sy, Lx)) <0

for all x,ye X where F enjoys the property (3.5) and L(X) < S (X) and M(X) < S (X).

If one of L(X),M(X) or S (X) is a complete subspace of X, then

(4.1.27) the pair (L,S) has a point of coincidence,

(4.1.28) the pair (M, S) has a point of coincidence.

Moreover, L,M and Shave a unique common fixed point provided both the pairs (L, S) or (M,S) is occasionally
weakly compatible mappings.

Taking L= M, A=Sand T =B = Ik in theorem 4.1 we get the following corollary.
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4.1.29

Corollary: L and A be self mappings of a metric space (X, d) satisfying the conditions

F(d(Lx,Ly), d(Ax, Ay), d(Ax, Lx), d(Ay,Ly), d(Ax,Ly), d(Ay, Lx)) <0

for all x,ye X where F enjoys the property (3.5) and L(X) < A (X). If one of L(X) or A (X) is a complete
subspace of X, then

(4.1.30) the pair (L,A) has a point of coincidence,

Moreover, L and Ahave a unique common fixed point provided the pair (L, A) is occasionally weakly
compatible mappings.
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