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Abstract: In this paper, we have discussed about a steady state solution of the ordered queuing problem with 

balking and reneging. Here we have taken the waiting line is of chi-square queue with Poisson  balking 

probability which depend not only on the number of customers in the system, but also the rate of services in the 

system. 
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I.       Introduction 

A queue, or a waiting line ,involves arriving items that wait to be served at the facility which provides 

the service they seek. Queuing theory is concerned with the statistical description of the behavior of the queues 

with finding, e.g., the probability distribution of the number in the queue from which the mean and variance of 

queue length and the probability distribution of waiting time for a customer, or the distribution of a server’s 

busy period can be found. In this paper we have discussed about a steady state solution of the ordered queuing 

problem with balking and reneging. In the case of balking, immediately on arrival a unit decides not to join the 

queue, perhaps because of the length of the queue or because of other information on the length of service. A 

unit reneges (i.e., becomes impatient and leaves without having been served) after  joining the queue if it is 

decided that the wait will be longer than can be tolerated. Here the waiting line is of Chi-square queue with 
Poisson balking probability which depend not only on the number of customers in the system, but also on the 

rate of service in the system. 

A queuing situation with the following characteristics has been considered. 

i) An arriving customer may not join the queue if there are many customers in the system i.e., the customer may 

balk. 

ii) A customer receives the service immediately, when the system is empty .But a joining customer that has to 

wait for service due to impatience may leave i.e., the customer may renege.   

iii) Service is performed on the customer at the head of the line. 

iv) One service has commenced on a customer ,it remains until the completion of service. 

Barrer [1] has studied the problem of a unit leaving a queue after having waited longer than an acceptable time. 

O.Brien[4 ] has also found the solution of some queuing problem .Miller  [3 ] and Konigsberg [2 ] have also 
studied about balk queue and queuing with special service . In this paper we have attempted to find out a steady 

state solution of chi – square queue, when the poison probabilities depend not only on the number of the 

customers in the system. 

 

II            Assumptions 
a) Customers arrive from a single infinite source with inter arrival time density function 
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          = 𝑓𝑘 (𝜆)𝑡𝑘−1𝑒−𝑘𝜆𝑡                                                                                                                                         (1) 

Where     𝑓𝑘 𝜆 =
(𝑘𝜆 )𝑘

 𝑘−1 !
  , 𝑘 ≥ 1, 0 ≤ 𝑡 < ∞ and λ is the mean arrival. 

b)An arriving  customer joins the system with probability     𝑒𝑛 = 𝑒
−𝑛𝛼

𝜇 ,(0 ≤ 𝑛 < ∞),                                    (2)                          

where 𝛼 is a measure of customer’s willingness to join the queue , n is the number  in the system Including the 

one in service facility and 𝜇 is the rate of service. 

c)After joining the queue ,each customer will wait a certain length of time for service to begin. If it has not 

begun by then, he departs. This time is a random variable whose density function is 

   𝐶 𝑡 = 𝑓𝑘 𝛽 𝑡𝑘−1𝑒−𝑘𝛽𝑡                                                                                                                                       (3) 

              , 𝑘 ≥ 1,0 ≤ 𝑡 < ∞    
d) Customers are served in order of arrival(FCFS) model by a single service facility. Once service commences, 

it always proceeds to completion. The service density function is 

𝑆 𝑡 = 𝑓𝑘 (𝜇)𝑡𝑘−1𝑒−𝑘𝜇𝑡             0 ≤ 𝑡 < ∞, 𝑘 ≥ 1                                                                                                (4)     
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III.         The State Probabilities 
                      Since any one of the (n-1) customers in the queue may renege, we need the joint distribution for 

minimum of (n-1) selection. The corresponding density function 𝐶𝑛−1 𝑡  can be found out. we have 

𝐶 𝑡 = 𝑓𝑘 (𝛽)𝑡𝑘−1𝑒−𝐴𝑡      , where 𝑘𝛽 = 𝐴                                                                                                           (5) 

Hence 𝐶𝑛 𝑡 = 𝑓𝑘 𝑛𝛽 𝑡𝑘−1𝑒−𝑛𝐴𝑡  

If 𝑃𝑛  𝑡  is the transient probability of n units in the queue at time t and if 𝐶𝑛  𝜏0 , 𝑡 ∆𝑡 + 𝑜(∆𝑡) is the conditional 

probability that a unit reneges in   𝑡, 𝑡 + ∆𝑡  if the queue length is n at time t and its fixed waiting limit is 𝜏0, 

then we have 

𝑝0
′  𝑡 = −𝜆𝑝0 𝑡 +  𝜇 + 𝐶1 𝜏0 , 𝑡  𝑝1 𝑡                                                                                                              (6)     

𝑝𝑛
′  𝑡 = 𝜆𝑒𝑛−1𝑝𝑛−1 𝑡 −  𝜆𝑒𝑛 + 𝜇 + 𝐶𝑛 𝜏0 , 𝑡  𝑝𝑛  𝑡 +  𝜇 + 𝐶𝑛+1 𝜏0 , 𝑡  𝑝𝑛+1 𝑡   , 𝑛 ≥ 1                               (7) 

If  𝑝𝑛 is the steady state probability of n customers in the stream, and if 𝑟 = 𝑒−𝛼
2  𝜇  , 𝐶𝑛 𝜏0 , 𝑡 ∆𝑡 + 0(∆𝑡) is the 

conditional probability that a unit reneges in time  𝑡 + ∆𝑡  , if the queue length is n at time t and its fixed 

waiting limit  is 𝜏0, 

𝐶𝑛 = lim𝑡→∞ 𝐶𝑛  𝜏0 , 𝑡 = 𝐴𝑛𝑒−𝜇
𝜏0
𝑛  , where 𝐴𝑛  is determined from 
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Then the steady state equations are 

0 = −𝜆𝑝0 + (𝜇 + 𝜏0
−1)𝑝1                                                                                                                                      (8) 

0 = 𝜆𝑟−2(𝑛−1)𝑝𝑛−1 −  𝜆𝑟−2𝑛 + 𝜇 + 𝐶𝑛 𝑝𝑛 +  𝜇 + 𝐶𝑛+1 𝑝𝑛+1                                                                           (9) 

From above we get 
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Finally the total probability of the system being unity, if we have no upper limit to the customer. 

So   𝑝𝑛 = 1∞
𝑛=0  
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                                                                                                                                        (10) 

Where 𝐻 𝑟, 𝜎, 𝛿 = 1 +  
𝛤(𝜎+1)

𝛤(𝜎+𝑛+1)
∞
𝑛=1 𝛿𝑛𝑟−𝑛(𝑛−1) 

Let, L be the expected (average) number of units in the system. 
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Let 𝐿𝑞  be the expected (average) queue length of this system. 

  𝐿𝑞 = 𝐿𝑠 − 1 + 𝑝0 

       =
𝛿𝐻𝛿(𝑟 ,𝜎 ,𝛿)−𝐻 𝑟 ,𝜎 ,𝛿 +1]

𝐻(𝑟 ,𝜌 ,𝛿)
                                                                                                                                  (13) 

                                                             

IV.      Conclusion 
    This theory has been developed in an attempt to predict the fluctuating demands of queue length and 

units in the system and to enable an enterprise to provide adequate service for its customers with chi-square 

queues and poison balking probabilities. 
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