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Abstract: In this paper, first we define f*-open sets and B*-interior in topological spaces.J.Antony Rex
Rodrigo[3] has studied the topological properties of #j* -derived, f* -border, * -frontier and 7* exterior of a
set using the concept of #* -open following M.Caldas,S.Jafari and T.Noiri[5]. By the same technique the
concept of p*-derived, p*-border, B*-frontier and [*exterior of a set using the concept of f*-open sets are
introduced.Some interesting results that shows the relationships between these concepts are brought about.
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I.  Introduction:

For the first time the concept of generalized closed sets was considered by Levine in 1970 [7]. After
the works of Levine on semi-open sets, various mathematicians turned their attention to the generalizations of
topology by considering semi open sets instead of open sets. In 2002, M. Sheik John [8] introduced a class of
sets namely w-closed set which is properly placed between the class of semi closed sets and the class of
generalized closed sets. The complement of an w-closed set is called an ®-open set.The concept of semi pre
open sets was defined by Andrijevic[2] in 1986 and are also known under the name 3 sets.

We have already introduced a class of generalized closed sets called B*-closed sets using semipreopen
sets and w-open sets. The complement of a B*-closed set is called p*-open set.In this paper the concept of of
B*-kernel, B*-derived, B*-border, B*-frontier and B*exterior of a set using the concept of B*-open sets are
introduced.

1. Preliminaries:
Throughout the paper (X, 1), (Y, o) and (Z, n) or simply X, Y and Z denote topological spaces on

which no separation axioms are assumed unless otherwise mentioned explicitly.
We recall some of the definitions and results which are used in the sequel.
Definition 2.1

A subset A of a topological space (X, t) is called
(i) A semi-open set [7] if Accl(int(A)) and a semi-closed set if int(cl(A))cA,
(if) A semipre open set [6] (= B-open set [1]) if Accl(int(cl(A))) and a semi-pre closed set(=p closed) if

int(cl(int(A)))cA

(iii) w-open [8] if cl(A)c U whenever Ac U and U is semi open.
(iv) A pB*-closed set [4] if spcl(A) cint(U) whenever AcU and U is  w-open

Theorem 2.2:[4]  Every closed(resp.open) set is B*- closed(resp.p*open).

3.1. p*-Open sets

Definition 3.1.1: A subset A in X is called p*-open in X if A is B*-closed in X. We denote the family of all
B*-open sets in X by f*O(t).

Definition 3.1.2:For every set Ec X, we define the B*-closure of E to be the intersection of all *-closed sets
containing E. In symbols, B*cl(E) =N {A:Ec A, A€ B*c(1)}.

Lemma 3.1.3: For any Ec X, Ec B*cl(E)c cl(E).

Proof: Follows from Theorem 2.2.

Proposition 3.1.4: Let A be a subset of a topological space X.For any X€ X, X€ B*cl(A) if and only if UNA#®
for every p*-open set U containing x.

Proof: Necessity: Suppose that X€ B*cl(A). Let U be a B*-open set containing x such that AN U = @ and so
AcU’. But U%is a B* closed set and hence B*cl(A) SU°. Since x¢U° we obtain x¢ B*cl(A) which is contrary to
the hypothesis.

Sufficiency:

Suppose that every p*-open set of X containing X intersects A. If x¢ B*cl(A), then there exist a f*

closed set F of X such that Ac F and x¢ F. Therefore xe F® and F° is and p*-open set containing x. But F*NA=
@. This is contrary to the hypothesis.
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Definition 3.1.5: For any Ac X, B*int(A) is defined as the union of all B*-open set contained in A. That is
B*int(A) =U {U:UcAand Ue B*O(1)}.

Proposition 3.1.6: For any Ac X, int(A)cB*int(A).

Proof: Follows from Theorem 2..2.

Proposition 3.1.7: For any two subsets A; and A, of X.

(i) If Aic Ay, then B*int(Aj)C B*int(Ay).

(i1) p*int(A1U Ax)oB*int(Ar)U B*int(Ay).

Proposition 3.1.8: If A is f*-open then A=p*int(A).

Remark 3.1.9: Converse of Proposition 3.1.8 is not true. It can be seen by the following example.

Example 3.1.10: Let X={a, b, ¢} and t = {@, {a}, X} then for the set A={b, c}, B*int(A) = A but {b, ¢} is not
B* closed.

Proposition 3.1.11: Let A be a subset of a space X. Then the following are true

(i) (B*int(A))° = B*cl(A)

(i) (B*int(A)) = (B*cl(A%))"

(i) Brel(A)= (B*int(A"))°

Proof:

Q) Let x€ (B*int(A))". Then x¢ B*int(A). That is every B* open set U containing x is such that U¢A. Thus
every P*-open set U containing x is such that UNA°£@. By proposition 3.1.4, x€ B*cl(A°) and therefore
(B*int(A))°c B*cl(A°®). Conversely, let xe B*cl(A®). Then by proposition 3.1.4, every p* open set U containing x
is such that UNA® # @. By definition 3.1.5, x¢ B*int(A). Hence x€ (B*int(A))° and so B*cl(A®)c (B*int(A))".
Hence (B*int(A))° = p*cl(A).

(i) Follows by taking complements in (i).

(iii) Follows by replacing A by A®in (i).

Proposition 3.1.12: For a subset A of a topological space X, the following conditions are equivalent.

(i) B*O(7) is closed under any union.

(i) A is B* closed if and only if B*cl(A) = A.

(iii) A is B* open if and only if B*int(A) = A.

Proof: (i) = (ii): Let A be a B* closed set. Then by the definition of p*-closure we get f*cl(A) = A.
Conversely, assume B*cl(A) = A. For each x€ A°, X& B*cl(A), by proposition 3.1.4, there exists a p* open set
Gycontaining x such that G,NA=0 and hence xeG,c A°. Therefore we obtain A°=U, ¢4 G,. By (i) A is p*-
open and hence A is * closed.

(ii)= (iii): Follows by (ii) and proposition 3.1.11.

(iii)= (i): Let {U, /0. €A } be a family of B*-open sets of X. Put U=U, U,. For each xe€ U, there exists a(x)EV
such that X€ UyxC U. Since Uy, is p*-open, x€ B*int(U) and so U=P*int(U). By (iii), U is p*-open. Thus
B*O(7) is closed under any union.

Proposition 3.1.13: In a topological space X, assume that f*O(t) is closed under any union. Then B*cl(A) is a
B*closed set for every subset A of X.

Proof: Since B*cl(A) = p*cl(B*cl(A)) and by proposition 3.1.12, we get B*cl(A) is a f*closed set.

3.2. p-*Kernel

Definition 3.2.1: For any Ac X, B*ker(A) is defined as the intersection of all p*-open sets containing A. In
notation, B¥ker(A) = N{U/Ac U, Ue B*O(r)}.

Example 3.2.2: Let X= {a, b, ¢}, t= {0, {a}, {a, c}, X}. Here p*O(t) = P(X) —{{b}, {b, c}}. Let A= {b, c}then
kerA=X and B={a}, then kerB={a}.

Definition 3.2.3: A subset A of a topological space X is a U-set if A=B*ker(A).

Example 3.2.4: Let X={a, b, ¢} and © ={0, {a}, {a, c}, X}. Here {a}, {c}, {a, b}, {a, c} are U-sets. The set {b,
c} isnota U-set.

Lemma 3.2.5:For subsets A, B and A,(aeA) of a topological space X, the following hold,

(i) Ac B*ker(A).

(i) If Ac B, then B*ker(A)c B*ker(B).

(iii) B*ker(P*ker(A)) = B*ker(A).

(iv) If A is B*-open then A=B*ker(A).

(V) B*ker(U {A/a EA })cU {B*ker(A,)a EAY}
(vi) B *ker(N {A,/0 EA})c N {P*ker(Ay ) a EA}.
Proof:

Q) Clearly follows from Definition 3.2.1.

(ii) Suppose x¢ p*ker(B), then there exists a subset UE $*O(t) such that UoB with x¢ U. since Ac B, x¢&
B*ker(A). Thus B*ker(A)c B*ker(B).
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(iii) Follows from (i) and Definition 3.2.1.
(iv) By definition 3.2.1 and A€ B*O(t), we have B*ker(A)C A. By (i) we get A = f*ker(A).
(v) For each a €A, B*ker(A,)C B*ker(Ugep A, ). Therefore we Ueq B * kerifA, ) cB*ker(U ey Ag)-
(vi) Suppose that x¢N {B*ker(A,)/a €} then there exists an agEA, such that x¢B*ker( Aa,) and there exists
a B*-open set U such that x¢ U and Aa,c U. We have N, A, SAa,C U and x¢ U. Therefore x¢ B*ker{N A,
/0. €A }. Hence N{B*ker(A,)/a EA JoP*ker(N {A,/a EA T
Remark 3.2.6: In (v) and (vi) of Lemma 3.2.5, the equality does not necessarily hold as shown by the following
example.
Example 3.2.7: Let X={a, b, ¢, d} and T = {0, {a}, X}. Let A = {b} and B = {c, d}. Heref*kerA = {b} and
B*ker(B)={c, d}. p*ker(A)U B*kerB = {b}U {b}U {c, d} = {b, ¢, d}. p*ker(AU B) = p*ker({b, c, d}) = X.

Let X= {a, b, ¢} and 7= {0, {a}, X}. Let P= {a, b} and Q= {b, c}. Here B*ker(PNQ) = B*ker({b}) =
{b}. But B*ker(P)N B*ker(Q) = {a, b}N X = {a, b}.
Remark 3.2.8: From (iii) of Lemma 3.2.5 it is clear that B*ker(A) is a U-set and every open set is a U-set.
Lemma 3.2.9: Let A (o €A) be a subset of a topological space X. If A, is a U-set then (N,ep 4,) 1S @ U-set.
Proof: B*ker(NgepAe) CNoepBkerfA,), by lemma 3.25. Since A, is a U-set, we
getB¥ker(Ngepn4e)S(Neep4s). Again by (i) of lemma 2.4.28, (Ngepdo)SPrker(Ngepdy). Thus
B*ker(NgepAa)= (Ngep Ae) Which implies (Ngep 4, ) is U-set.
Definition 3.2.10: A subset A of a topological space X is said to be U-closed if A= LN F where L is an U-set
and Fis a closed set of X.
Remark 3.2.11: It is clear that every U-set and closed sets are U-closed.
Theorem 3.2.12: For a subset A of a topological space X, the following conditions are equivalent.
Q) A is U-closed
(i) A =LNcl(A) where L is a U-set.
(iii) A = B*ker(A)N cl(A).
Proof:
(i)=(ii): Let A = LNF where L is a U-set and F is a closed set. Since Ac F, we have cl(A)c F and Ac LN
cl(A)c LN F = A. Therefore, we obtain LNcl(A) = A.
(if)= (iii): Let A = LNcl(A) where L is a U-set. Since Ac L, we have B*ker(A)cp*ker(L) = L. Therefore
B*ker(A)N cl(A)c LN cl(A) = A. Hence A = B*ker(A)N cl(A).
(iii)= (i): Since P*ker(A) is a U-set, the proof follows.

3.3. p*-Derived set

Definition 3.3.1: Let A be a subset of a space X. A point X€ X is said to be a p* limit point of A, if for each p*-
open set U containing x, UN (A-{x}) #@. The set of all B* limit point of A is called a B*-derived set of A and is
denoted by Dg«(A).

Theorem 3.3.2.: For subsets A, B of a space X, the following statements hold

(i) Dg+(A) cD(A) where D(A) is the derived set of A.

(i) If Ac B, then Dg+(A)c Dy«(B).

(iv) Dg+(Dp+(A))-Ac Dg«(A).

Proof:
Q) Since every open set is B*-open, the proof follows.
(i) Follows from definition 3.3.1.

(iii) Follows by (i).

(iv) If X€ Dg+(Dg+(A))-A and U is a B*-open set containing x, then UN(Dg«(A)-{x})#0. Let y€ UN(Dg+(A)-
{x}). Then since ye Dg-(A) and ye U, UN (A-{y})#@. Let ze UN{A-{y}}. Then z#x for z€ A and x¢& A.
Hence UN(A-{x})#0. Therefore, X&€ Dg«(A).

(V) Let xe Dg«(AU Dg«(A)). If x€ A, the result is obvious. So let X€ Dg«(AU Dg«(A))-A, then for an p*-open
set U containing X. UN((AU Dg+(A))-{x})#0. Thus UN(A-{x})#0 or UN(Dg+(A)-{x})#D. By the same argument
in (iv), it follows that UN (A-{x}) #0. Hence x€ Dg«(A). Therefore in either caseDg«(AU Dg+(A))= AU Dg«(A).
Remark 3.3.3: In general, the converse of (i) is not true. For example, Let X={a, b, ¢} and 1 = {@, {a, b}, X}.
Then p*O(1)={0, {a}, {b}, {a, b}, X}. Let A ={a, b} then D(A) = X and Dg:(A) = c. Therefore D(A) & Dg«(A).
Proposition 3.3.4: Dg«(AUB) #Dg«(A)U Dg«(B).

Example 3.3.5: Let X = {a, b, c. d} and 1= {@, {a, b}, X}. Then f*O(z) = P(X) — [a}, {b}, {a, b}. Let A = {a,
b, d} and B ={c}. Then Dg«(AU B) = {a, b} and Dg«(A) = @, Dg«(B)=0.

Theorem 3.3.6: For any subset A of a space X, B*cl(A)= AU Dg«(A).
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Proof: Since Dg«(A)c B*cl(A), AUDg«(A)c B*cl(A). On the other hand, let x€ B*cl(A). If x€ A, then the proof
is complete. If XA, each f*-open set U containing X intersects A at a point distinct from X, so X€ Dg«(A). Thus
B*cl(A)c Dg«(A) U A and hence the theorem.

3.4. p-*Border

Definition 3.4.1: Let A be a subset of a space X. Then the f* border of A is defined as bg«(A) = A-f*int(A).
Theorem.3.4.2: For a subset A of a space X, the following statements hold.

(i bg«(A)c b(A) where b(A) denote the border of A.

(i) A = B*int(A) Ubg«(A).

(iii) B*int(A)N by«(A)=0.

(iv) If A is p*-open then bg«(A) =@.

(v)  Brint(by(A)=0.

(Vi) bge (Bg=(A))=bp+(A).

(vii) bp«(A)=AN B*cl(A°).

Proof: (i),(ii) and (iii) are obvious from the definitions of B*interior of A and p*-border of A where A is any
subset of X.

vi) If A is B*-open, then A=B*int(A). Hence the result follows.

v) If x€ B*int(bg«(A)), then xe€ by-(A). Now bg«(A)c A implies B*int(bp«(A)) B*int(A). Hence x€ B*int(A)
which is a contradiction to X€ bg«(A). Thus B*int(bg-(A)) = @.

Vi) bg«(bp«(A)) = bg«(A-B*int(A)) = (A-B*int(A))-B*int(A-B*int(A)) which is bg«(A)-@, by (iv). Hence
bg+(bg+(A)) = bg«(A).

vii) bg=(A) = A-Bint(A) = A-(B*cl(A%))° = AN B*cl(A°).

Remark 3.4.3.: In general, the converse of (i) is not true. For example, let X = {a, b, ¢} and t = {@, {a}, {a, b},
X}. Then B*O(z) = {@, {a}, {b}, {a, b}, {a, c}, X}. Let A = {a, c}, then bg:(A) = {a, c} — {a, ¢} = @ and b(A) =
{a, c}-{a} = {c}. Therefore b(A)zby-(A).

3.5 B-*Frontier

Definition 3.5.1: Let A be a subset of a space X. Then B*-frontier of A is defined as Fry«(A)-pf*int(A).

Theorem 3.5.2: For a subset A of a space X, the following statements hold

i) Frg«(A) cFr(A), where Fr(A) denotes the frontier of A.

i) B*cl(A)= B*int(A)U Fry-(A)

|||) B*lnt(A)ﬂFrB*(A) = (Z)

iV) bB*(A)CFrB*(A)

V) FI’B*(A) = bB*(A)U DB*(A)

Vi) If A is p*-open, then Frg«(A) =Dg«(A)

vii) Fre«(A) =B*cl(A)N B*cl(A°)

viii) Fre«(A) =Frg:(A°)

iX) FI’B*(B*lnt(A))CFI’B*(A)

X) Frﬁ*(B*Cl(A)) CFrB*(A)

Proof:

i) Since every open set is B*-open we get the proof.

ii) B*int(A)U Fra«(A)= B*int(A)U (B*cl(A)-p*int(A)) = B*cl(A).

iii) B*int(A)NFrg-(A)=B*int(A)N(B*cl(A)-p*int(A))=0.

iv) Obvious from the definition.

V) B*int(A)U Fra«(A)=p*int(A)U bg«(A)U Dg«(A), is obvious from the definition. Therefore we get Frp-(A)
= bg«(A)U Dg«(A).

Vi) If A is B*-open, then bg«(A) = @, then by (V)Frg«(A) =Dg«(A).

vii) Fra«(A) =p*cl(A)-p*int(A) = B*cl(A)-(B*cl(A%))° = B*cl(A)N B*cl(A°).

viii) Follows from (vii).

iX) Obvious.

X) Fre«(B*cl(A))=p*cl(B*cl(A))-B*int(B*cl(A))= B*cl(A)-P*int(A) =Frg«(A).

In general the converse of (i) of theorem 3.5.2 is not true.

Example 3.5.3: Let X={a, b, ¢} and t = {0, {a}, {a, b}, X}. Then B*cl(tr) = {@, {b}, {c}, {b, c}, {a, c}, X}. Let
A = {a, b}. Then B*cl(A)-B*int(A) = Frp«(A)=X-{a, b} = {c}. But cl(A)-int(A) = Fr(A) = X-{a} = {b,c}.
Therefore Fr(A)zFrg-(A).

3.6.p-*Exterior
Definition 3.6.1: B*Ext(A) = B*int(A°) is said to be the p* exterior of A.
Theorem 3.6.2: For a subset A of a space X, the following statements hold
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(i)
(ii)
(iii)
(iv)
)
(vi)
(vii)

Ext(A) c B*Ext(A) where Ext(A) denote the exterior of A.
B*Ext(As) = P*int(A°) = (B*cl(A))".

B*Ext(B*Ext(A)) = B*int(B*cl(A))

If Ac B, then B*Ext(A) oB*Ext(B).

B*Ext(AUB)c B*Ext(A)U B*Ext(B).
B*Ext(ANB)>B*Ext(A)N B*Ext(B).

B*Ext(X)= .

(viii)  B*Ext(@)= X.

(ix)

Brint(A)C P*Ext(B*Ext(A)).

Proof: (i) & (ii) follows from definition 3.6.1.

iil) B*Ext(B*Ext(A)) = B*Ext(B*int(A%)) = B*Ext(B*cl(A)°) = B*int(B*cl(A)).
iv)If Ac B, then ASB°. Hence B*int(A%)oB*int(B%) and so B*Ext(A)>B*Ext(B).
v) and (vi) follows from (iv).

(vii)

and (viii) follows from 3.6.1.

ix) B*int(A)c B*int(B*cl(A)) = B*int(B*int(A%)) = B*int(B*Ext(A))* = B*Ext(B*Ext(A)).

Proposition 3.6.3: In general equality does not hold in (i), (v) and (vi) of Theorem 2.4.49.

Example 3.6.4: Let X= {a, b, ¢} and t = {@, {a, b}, X}. Then B*O(1) = {@, {a}, {b}.{a, b}, X}. If A= {a},
B={b} and C={c} then P*Ext(A) ={b},p*Ext(B) ={a} and Ext(A) = @. Therefore B*Ext(A)zEXt(A),
B*Ext(A)U B*Ext(B)zB*Ext(AUB) and B*Ext(ANB) zB*Ext(A)N P*Ext(B).
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