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Abstract: In this paper, a numerical method for N™ - order fuzzy initial value problems (FIVP) based on
Seikkala derivative of fuzzy process is studied. The fourth order Runge-Kutta method based on Centroidal Mean
(RKCeMa4) is used to find the numerical solution and the convergence and stability of the method is proved. This
method is illustrated by solving second and third order FIVPs. The results show that the proposed method suits
well to find the numerical solution of N™ — order FIVPs.
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I.  Introduction

The research work on Fuzzy Differential Equations (FDES) has been rapidly developing in recent
years. The concept of the fuzzy derivative was first introduced by Chang and Zadeh[9],it was followed up by
Dubois and Prade [10] by using the extension principle in their approach. Other methods have been discussed by
Puri and Ralescu [23] and Goetschel and Voxman [16]. Kandel and Byatt [21] applied the concept of Fuzzy
Differential Equation (FDE) to the analysis of fuzzy dynamical problems. The FDE and the initial value
problem (Cauchy problem) were rigorously treated by Kaleva [19, 20], Seikkala [24], He and Yi [17], and by
other researchers (see [6, 8]). The numerical methods for solving fuzzy differential equations are introduced by
Abbasbandy et.al. and Allahviranloo et.al. in [1, 2, 5]. Buckley and Feuring [7] introduced two analytical
methods for solving N™ - order linear differential equations with fuzzy initial value conditions. Their first
method of solution was to fuzzify the crisp solution and then check to see if it satisfies the differential equation
with fuzzy initial conditions; and the second method was the reverse of the first method, they first solved the
fuzzy initial value problem and the checked to see if it defined a fuzzy function. Allahviranloo et.al [3, 4]
proposed the methods for solving N™ — order fuzzy differential equations. Jayakumar et.al [18] used the Runge
- Kutta Nystrom method for solving N™ — order fuzzy differential equations. Gethsi Sharmila and Henry
Amirtharaj [14, 15] introduced the explicit third order Runge-Kutta method based on Centroidal Mean (CeM)
to solve IVPs and developed a numerical algorithm for finding the solution of Fuzzy Initial Value Problems by
Fourth Order Runge-Kutta Method Based on Contraharmonic Mean.

In this paper, a new numerical method to solve N™ - order linear fuzzy initial value problem is presented
using the fourth order Runge — Kutta method based on Centroidal mean. The structure of the paper is organized
as follows: In Section 2, some basic results on fuzzy numbers and fuzzy derivative are given. Then the fuzzy
initial value problem is treated in Section 3 using the extension principle of Zadeh and the concept of fuzzy
derivative. It is shown that the fuzzy initial value problem has a unique fuzzy solution when f satisfies Lipschitz
condition which guarantees a unique solution to the deterministic initial value problem. In Section 4, the fourth
order Runge-Kutta method based on centroidal mean for solving N™ - order fuzzy initial value problems is
introduced. In Section 5 convergence and stability are illustrated. In Section 6 the proposed method is illustrated
by solving two examples, and the conclusion is drawn in Section 7.

Il.  Preliminaries
An arbitrary fuzzy number is represented by an ordered pair of functions

(g(r),a(r))for all re [0,1] , Which satisfy the following requirements [10]:
(i) g(l’) is a bounded left continuous non-decreasing function over [0,1] ,
(i) a(l’) is a bounded left continuous non-increasing function over [0,1] ,
ry<u(r), 0<r<1.
o u(r)<u(r), 0

Let E be the set of all upper semi-continuous normal convex fuzzy numbers with
bounded o — level intervals.
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Lemma 2.1
Let [\_/(a),\_/(a)] o € (0,1] be a given family of non-empty intervals. If

(i) v(@). V(@] = [W(B) V()] for0< e < 5, and

(i) [limv(a, ). imV(@,)] = [¥(e) V()]
whenever (¢, )is a non-decreasing  sequence  converging to a€(0,1], then the
family[v(c),v(@)], @ €(0,1], represent the c— level set of fuzzy number vin E. Conversely if

[V(a),v()], @ <(0,1], are a — level set of fuzzy number v e E then the conditions (i) and (ii) hold true.
Definition 2.1
Let | be areal interval. A mapping v: 1 — Eis called a fuzzy process and we denoted the o — level set by

[v (t)]a =[v(t, ), \_/(t, )] The Seikkala derivative V (t) of Vis defined by

v'(t)], =[v'(t, ), V'(t, )], provided that is a equation defines a fuzzy number Vv'(t) € E

Definition 2.2
Suppose U and V are fuzzy sets in E. Then their Hausdorff

D:ExE —R, U{0}, D(u,v)= sup max{|g(a) —\_/(a)|,‘ﬁ(a) —\_/(a)‘},
a€[0, 1]

i.e D(U,V)is maximal distance between o level sets of Uand Vv

I11.  Fuzzy Initial Value Problem
Now we consider the initial value problem

OO =yt X, "), X(0) =2, X"P(0) =3, (3.1)

where i/ is a continuous mapping from R xR"into Rand & (0<i<n)are fuzzy numbers in E. The
mentioned N" - order fuzzy differential equation by changing variables

Y, (1) = X(1), y,(t) =X'(t),..., ¥, () =x"2 (1),

converts to the following fuzzy system

yly(t) = fl(t’ Yireen y?)1

yr’1 (t) = fn (t' Yireen yn)! (3.2)
yl(o) = yl[O] = ai""’ yn (O) = yn[O] = a-n1

where f, (1<i<n)are continuous mapping from R_x R"into Rand y!”are fuzzy numbers in E with o -
level intervals.

[y™], =[Xf°](a),§f°](a)] fori=1,.,nand0<a <1

Wecall ¥ =(Y,,..., ¥,)" is a fuzzy solution of (3.2) on an interval I, if

X'i(t,a):min{fi(t,ul,..., Ui U ely (te), ¥, (L)} = £, Lyt a)),

V. (ta) = max{ fi(t Uy, U,); U ey (@), y,ta)]} = Ti(t yt ),
(3.3)
and

0] - _
Y, 0.a)=y, (a) ¥i0.a)=y; (@) (34)
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Thus for fixed ¢ we have a system of initial value problem in R®". If we can solve it (uniquely), we have only
to verify that the intervals, [XJ (t, @), y;(t,x)]define a fuzzy number Yy, (t)eE. Now let

X[O] () = (XI[O] (), ...,)_/n[O] ()" and ;l[O] (a)= (91[01 (o), ...,9n[01 (a))" with respect to the above
mentioned indicators, system (3.2) can be written as with assumption
{y'(t) =F(t, y(t)),
— ylol n
y(0) =y~ eE". (35)
With assumption

y(t.a)=[yt.a).... yta), y(t.e) =[yt ).yt )] and y'(t,a) =[y (t.a), y (t a)] where

(3.6)
yt.a) =[yt.a),... yt.a)]', 3.7)
yta)=[yta),.. yta)l, (3.8)
y(t.a)=[yta).. Yt.al, B 3.9

and with assumption F(t, y(t,@)) =[E(t, y(t,@))), F(t, y(t, @))], where
Etyta)=[f tyta)).... I &yt , (3.10)
F(tyta)=[f,tyt ). ftyta)], (3.11)

y (t) is a fuzzy solution of (3.5) on an interval | for all o € (0,1], if
y (t.a) =E(t yt a);

Y (ta) =Ft, yt a) (.12)
y(0.2) =y (@), Y0,0)=y" (@)

or

(3.13)

{y'(t, a))=F(t,y{t a)),
y(0,a) =y (a).

Now we show that under the assumptions for functions f; for i=1,..., n how we can
obtain a unique fuzzy solution for system (3.2).

Theorem 3.1

If f(t,u,..., u )for i=1..., N arecontinuous function of t and satisfies the
Lipschitz condition in u = (U,,..., un)T in the region

D= {t, u|t el =[0,1],—0 <u, <o for i=1,..., n} with constant L, then the initial
value problem (3.2) has a unique fuzzy solution in each case.

Proof. Denote G = (E,E)T :(L,..., in, ?1,..., Tn)T where

L(t,u):min{fi(t,ul,..., u,); u; E[X,-’y_j]’ for j=1,..., n},
(3.14)

,(t,u) = max{f,(t,u,,..., U,); U, e[zj,yj], for j=1,..., n},
(3.15)
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Denote Y = (X,gl)T = (Y, )_/n,)_/n,..., y.)" € R?. It can be shown that Lipschitz condition
of functions f, imply

HF(t, 2)-F(t,z2°) < LHZ -z
This guarantees the existence and uniqueness solution of

y'(t) = F(t, y(1)), 016)
y(o) — y[0] — (X[O],;/[O])Zt c R2n .
Also for any continuous function y[l] ‘R, —> R?" the successive approximations
t
Yyt =y + [F(s,y™(s))ds, t20, m=12,... 3.17)
0
converge uniformly on closed subintervals of 71 R, to the solution of (3.16). In other
word we have the following successive approximations
t
y. ") =y @ +jL(s, y™(s))ds, fori=1,..., n, (3.18)
0]
t
YoM=Yy +[Ti(s.y™(s))ds, fori=l,...,n. (3.19)
(o]

By choosing y'* = ()_/[0] (), 9[0] («)) in (3.16) we get a unique solution

y“(t) =(y(t, @), Y(t,@))to(3.3)and (3.4) for each & € (0,1].

Next we will show that the Y(t, @) = (Y (t, @), ;/(t, ), defines a fuzzy number in E" for

each 0<t<T,ie that y=(Y,,..., ¥,)" is afuzzy solution to (3.14) and (3.15). Thus we

will show that the intervals [)_/I ('[,05),)_/i (t,@)], for i =1,..., n satisfy the conditions of Lemma (2.1). The

successive approximations y'™ = y[@ e E",

t
yima () = ylo 4 j F(s,y™(s))ds, t>0, m=1,2,..., (3.20)

(0]
where  the integrals are  the  fuzzy integrals, define a  sequence  of  fuzzy
numbers y™ (t) = (Y™ (t),..., y™(t))" for each 0<t<T.Hence
[y, ], < (y"(©)],, if o<a < B <1, which implies that

[Xi[m] (t, B), Qi[m] t, A)] c[)_/fm](t,a), K/i[m] (t,@)], 0O< a<f<1),since, by the convergence of
sequences (3.16) and (3.19) , the end points of [y!™(t)]  converge to Y. (t,a) and ;li (t,r) that means
Y (ta) >y (ta)and y, "t @) -V, (t @). (3.21)
Thus the inclusion property (i) of Lemma (2.1) holds for the intervals [X. (t, 0{)5/i (t,a)] for O < <1.For
the proof of the property (ii) of Lemma (2.1), let (ap) be a non-decreasing sequence in (0,1] converging to a.
Then X[O] («,) —)X[O] () and 9[0] («,) —))_/[O] () , because ofl/[O] e E".But by the continuous
dependence on the initial value of the solution (3.16), y(t,,) — Y(t, &) and )_/(ap) — )_/(a), this means

(i) holds for the intervals [y(t,a),;/(t, a)], for 0 < <1.Hence by Lemma (2.1), y(t) e E"andsoyisa
fuzzy solution of (3.1). The uniqueness follows from the uniqueness of the solution of (3.16).
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IV.  The Fourth Order Runge- Kutta Method Based On Centroidal Mean (Rkcem) To Solve
Fuzzy Initial Value Problems

4.1. RKCeM formula for Solving system of I\VVPs
Evans and Yaakub[11] have developed a new RK method of order 4 based on Centroidal
Mean (RKCeM) to solve first order equation and it is to be noted that the Centroidal Mean of two points x;

x12+><1x2+x22]

X +X%
Murugesan et.al. [22] extended the fourth order RK formula based on Centroidal mean to solve system of
IVPs (3.2) as follows:

2
and x, is defined as —[

o +3h{k”2+k”kzj S o L S o +k412}' 1<j<m
9 kyj +Ky; Kyj +Ks; Ksj + Ky,
where
Ky = £, (X0 Yors Yazoeor Yom )
ky, = f,(x, +ah,y, +ahky,y, +ahk,,..y,, +ahk,)
ks, = T, (xn +(a, +a,)h, y,, +a,hk;, +ahky,, y,, +a,hky, +ashk,,, ..., o, +ahk;, +ashk, )
« _t (xn +(a, +a5+ag )N, Y, +a,hk,, +ashk,, +aghky,, y,, +a,hk,, +ahk,, + aehk32,...,J
Uy, +a,hk,, +ahk,, +aghk,, (4.1)
The parameters are: & =l, a, =i, a, =E, a, =i, a =_—25, a, :E (4.2)
12 132 66

2 24 24

4.2. Procedure for Solving FIVPs
We consider fuzzy initial value problem (3.2) with the unique solution Yy = (yl’ yeens yn)T e E". For

finding an approximate solution of (3.2) with the fourth order Runge- Kutta method based on Centroidal Mean,
we first define

Y 0= Y03 1) = 2wk, vt 1.0)

3 B . 4.3)
y(tn+1; r)_y(tn; r) ZZWiki(tn’ y(tm r),h),
where the w;’s are constants anlci
[k (t, y(t; 1.0, =[k(t y(& r),h), k(t yE; n),h)l, i=1 2 3 4
Ki(tn'y(tn; r),h)= f(tn+cih’ X(tn)—i_izlaij Kj(tn’ y(tn1 I’),h)),
= (4.4)

kitt,. ¥, r).h) = f(t, +ch, §(tn)+i21ai,- Kit,, y(t; 1).h),

ka(t, y(&r).n) =min{fi(t, s,,..., s,)\s; ely;(tr), y; (601}, (1<i j<n)
ku(t, y(t;r),h) =max{ fi(t, s,,.... s,)\s; ely; (), y; (&N,
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K, (t, y(t;r),h) =min{f, (t+g, Sprer S\ €[z (85 T), Ejl(t; N1}
Kiz(t, y(t;r),h) = max{ f. (t+g, Syyeens s)\s; elz;(t;r), za(t; O]}
Kis(t, y(t;r), h) = min{ fi(t+g, Sy SO\S; €[25(6T), Zi2(t; )]}

Eia(t, y(t;r), h) = max{f, (t+2, Spyeens s)\s; ez, (), Ejz(t; N1}

ki, @, y(t;r),h) =min{ f,(t+h, s;,..., s,)\s; €[z;,5(t;1), Zia(t; )]}
Kia(t, y(t;r), h) = max{ fi(t+h, s,..., s))\s; e[z;5(t;r), Zis(t; D]}
such that ,

2,6 YEDN) = Y, D)+ K, YEDL)

(4.5)

Zu(t, VG =Y, (1) + TR, y(Enh)

226 YL = ¥, G0+ DK, (4 YE DR+ 2K (6 (D).

2t Y = ¥, G0+ DRt YED R+ K 2 (6 (G,

2356 YT = Y, 60+ 2K (6 YED 0+ 2Rk (6 YD) + LN (€ y(E ), )

> : Evira LY : 11 : L :
zjs(t, y(t;r),h) =y, (t;r) + 5 Ki(t, y(t;r),h) + 24hk,z(t, y(t;r),h) + 66hk,a(t, y(t;r),h)

(4.6)
now we consider the following relations
F [t, y(t;r),n] = K @ YEDh k(€ Y. Kot Y0 +kip(t v, )
ki (t, y(t;r),h) +k;, (t, y(t;r),h)
Koy (t, (1), h) + K (t y(E 1), ks (t, y( 1), h) + ki, vt ), h)
Kio (t, y(t; 1), h) + ks (t, y(t;r),h)
K (6, y(t; 1), h) + ki (t, y(t;1),h) ki, (6 y(tr), h) + K2t y(t;r),h)
Kis(t, y(t;r),h)+k, (¢, y(t;r),h)
G [t, y(t:)h] = Ki (8, y(t;r), h) +ku(t, y(t;r),h) ki2(t, y(t;r),h) +Kiz(t, Y(E;T), h ,
ki (t, y(t:1), h) +Kki2(t, y(t;r), h)
|2(t y(t; 1), h) +kKiz (t, y(t;1), h)kis(t, y(t;r), h)+k.3(t y(t;r), h)
|2('[ y(t;r), h)+k.3(t y(t;r),h)
Kia(t, Y(t:r),h) +Kis(t, y(t:r),h) Kia(t, y(Er), h) +Kia(t, y(&:r),h)
Kis(t, y(t:1), h)+Kia(t, y(t;1),h)
(4.7)

and suppose that the discrete equally spaced grid points {to =0,t,..., t =T} is a partition for interval [0, T].
If the exact and approximate solution in the i-th o cut at t ,0<m<Nare denoted by

—[m] —[m]
[yi[m] (a),y; (a)]and [V_\/Em] (a),wi ()] respectively, then the numerical method for solution
approximation in the i-th coordinate ¢ cut, with the Runge-Kutta method based on centroidal Mean is
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W) = wi(@)+ 2V (7 (@), %) = y (),

" (@) =" (@) + 2V 4w (@), W)=y, (@),
9 (4.8)

where

[ (1)), = (8, 0), Wi (8, )], W™ (@) =[wW™ (), W (@)]

W™ (@) = (" (@), ... Wi (@) and W (@) = (W (@), .., Wn' (@) @9)
Now we input

F (t, W™ (), h) = g (F.(t, W' (), h),..., F,(t, W™ (), h))", (4.10)

G’ (t, W (), h) =§(Gl(t, W (), h), .., G, (t, W™ (ax), h))" . (4.11)

The Runge-Kutta method based on Centroidal Mean for solutions approximation ¢ -cut of differential equation
(3.13) is as follow

wim () = wim () +hH(t,, w" (), h), w® () = y[O] () (4.12)
where
H(t,, wim (a),h) = [F*(tm wim (o), h), G*(tm wim (), )] (4.13)
and
2k (b, Y0 + Ky (G YD) Ky, YD, D) Koty YCGLH)
9 Ky (t,, y(t;r),h)+k,(t,, y(t;r),h)
Ko (s Y1), 0) +K, (Y1), MK, (E,, (), D) +k3 (t,, y(ET),h)
Kot Y(E 0.0 +ko(G, y(ED). D) "
K2 (t,, y(6 1), h)+ kK, (L, y(61),h) K, (L, yEr),h) +Ki(t,, y(tn.h),
Kty y(tr),h)+k,(t,, y(t;r),h)

F*(t,,, W™ (), h) =

(4.14)
G (t., W™ (), hy] = g [k1 (t,, y(t;r),h) +Ekl(tm, y(f;r),h) Ka (L, y(t:.r),h)+kz(tm, y(tr).h)
Wt y(t;r), h) +Ka(t,, y(t;r),h)
Ka(t,, y(t;r),h) +Ka(t,, y(t;r), h) Ks(t,, y(t;r),h)+K2 (¢, y(t;r),h) .
ka(t_, y(t;r),h)+ks(t_, y(t;r),h)
Ks(t,, y(t:r),h) +Ks(t, y(t;r),h) Ka(t,, y(t:r),h) +Ka(t_, y(tr).h),
ka(t, y(t;r),h) +ka(t_, y(t;r),h)
(4.15)

and also

k; W™ (@), h) = (k;; (6 W™ (@), ),y Ky (8 W™ (@), )T,

ki (t, W™ (@), h) = (ku (t, W™ (@), h), .y Ko (8 W™ (), D) (=1234) (416

V.  Convergence And Stability

Definition 5.1
A one-step method for approximating the solution of a differential equation

{Y'(t)) = F(t y(®),

—_ T cR"
y(0) =y e 51)
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which Fisa N" - ordered as follows f =(f,,..., f )Tand f,: R, xR" — R(L<i <n), is a method which
can be written in the form
W = w4 hy (8, W, h), (5.2)

where the increment function y is determined by F and is a function of t_, w™and h only.

Theorem 5.1
If w (t,y,h)satisfies a Lipschitz condition in y, then the method given by (5.2) is stable.

Theorem 5.2
In relation (3.5), if F(t, y) satisfies a Lipschitz condition in y, then the method given by (4.12) is stable.

Theorem 5.3

It W (@) =W @)+ Y (G W (@), W) = (@) 63
where ¥ (t,, W"(x),h)=[y, (t,, W"(2),h),y, (t,,W"(2),h)] is a numerical method for
approximation of differential equation (3.13), and Y, and y,are continuous in t, y, h for
0<t<T,O0<h<hjand all y, and if they satisfy a Lipschitz condition in the region
D:{t,u,v, h)|0£t£T, —o<U; LV, —o<V, <+, 0<h<h) i=1,.., n},necessary and

sufficient conditions for convergence above mentioned method is w(t, y(t, ), h) = F(t, y(t, @)). (5.4)

Proof: Suppose thaty/(t, y(t, @),0) = F(t, y(t, @)), since, F(t, y(t, &)) satisfying the conditions of theory
(3.1), then the following equation

{y'(t)) = F(t, y(t)),
y(0) = y*(a)

has a unique solution such as y(t, @) = (y(t, @), y(t, &)), where

(5.5)

y(t, @) =(y(t,@),... yt,a)" and y(t,a) =(y(t,@),.... y(t,))". We will show that the numerical
solutions given by (5.3) convergent to the y(t) . By the mean value theorem,
Y =y +hf ¢, + Oh, y(t, +6h)), for 0<6,<1,

(5.6)
v =y T (€, + 6ih, y(t, +Gih)), for 0<oi<1 (5.7)
with assumption ¥ = (/_,..., %n)T and y = (Jl, .y l/_/n)T .From equation (5.3) obtain the following
relations
w " (@) = w™ (@) +hy (¢, W" (), h),
- (5.8)
wi" @) =w" (@) + b (&, W (), D), 69)

and subtracting (5.6) , (5.7) from (5.8) , (5.9) respectively, and setting €™ (&) = [g[m] (a),é[m] ()], where

" () =e(t, @) =W" (@) -y (@) and € " (a) =e(t,, ) =W ()~ Y (a), we get

&™) (@) = &/ (@) + iy, (6, W™ (@), h) — 1, (6, W (@), D)+ v, (1, WM (@), 1) - s, 8, W (), 0) +
vty W (a),0) - £ (L, +8:h, y(t, + &;h)}

on the other way, with respect to the relation of . (t,,, W™ (),0) - f (t,,, y™ («)) we can write
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v, (t, W™ (@),0)- f (t, +6h, y(t, +6; )|

¥i(t, +6ih) -y (t,)|

<hL @+ I‘li Y, (G +8ih) = yi (&, I+ Lli

Y, (t, +£6)8, | =hL,,

=hL6, + len: Y (t, +&.0,h)-0;h|+ Lli

m+ m . m = [m]
e ()] <[e™ ()] + hLi{Z‘g ™ ()] +[es (0{)|}+ heL, +hL,
then j=t
<[e™ (a)|+ nhL max {\g e (a)|} +nhL, max {\é o (a)|} Thi(L+ L)
<J=<n <j<n
On the other hand

m m - [m S Ml
max (e, (@)} =k e (@), maxe"(@)]=k[e" (@),

with assumption k; = max{ki , ki'} and M=L,+L,, we can write

I<i<n

e ()] <[&, ™ ()] + nhk, L, {lef”” @|+fe" (a)\} +Mh?

(5.10)
<[e.” (@) +2nnk, L max [l ()] J6." (@)} + Mih",
similarly, we can obtain the following relation
o™ () <[e™ (o) + 21k, L, max {|gi " (@) o™ (a)‘} M2 (5.11)

Now, we input L =max { L, Ll'} and M:max{Ml, MZ} the relations (5.10) and (5.11) can be written as
follow

o™ ()] < 6" (@) + 20kt max{\gi[m] (a)\,‘éi[”‘] (a)‘} MR,

— [m+1]
€i

(a)

<[e!"™ @)+ 20kt max [ @) ! (@) +

— [m]
Denote & = ‘gi[m] (a)‘+‘8i (a)‘.Then By virtue of lemma[15]

0! () < (L+ AnhkL)" e (@) + 2Mh? L ANMKL)7 =1
4nhkL

where
—[0]
gl :‘gi[ol (a)‘-i-‘Ei (a)‘.Then

4mnklh

~[m]
g™ xel 4+ M P h and ‘Ei (a)‘ <™ el 4 M
n

4mnklh

h.
2nhkL

IA

[m]
e (@)
In particular

e, ()]

4Nnklh

—[N]
e x el + M mh and ‘Ei (a)‘ <M yel M
n

4Nnklh

h.
2nhkL

IA

Since

e(a)= éi[O] () =0, and hz% we obtain
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4Nnklh

Then e () <M S b, and e ()] <M S, Then [e®1(a)]< 2 &
T I I T I “N= ™ 2nhkL

h — O we get He[N](a)H — 0, so the numerical solution (5.3) converge to the solutions (5.6). Conversely,

h, if

suppose that the numerical method (5.3) convergent to the solution of the system (5.5). With absurd hypothesis
we suppose that (5.4) is not correct. Then /(t, y(t,),0) =g (t, y(t,)) = F (t, y(t, ) ). Similarly, we
can prove that the numerical method of (5.3) is convergent to the solution of following system
{U'(t)) =g(t, y(),
— ylol

then

y(t, @) = u(t). Since g(t,y(t,@)) = F(t,y(t,)), suppose that F and g differ at some point
(t,, y(t,,@)). If we consider the initial value problem (5.5) and (5.11) starting from (t_, y(t,,)). we have
y'tt,,a)=F(,,yt, ) =9, yt,  a)=9g(t,u(t,)) =u'(t,), which is a contradiction.

Note:

The Runge-Kutta method based on Centroidal Mean proposed by (4.12) is convergent to the solution of the
system (3.13) respectively.

VI. Numerical Example
Example 6.1
Consider the following fuzzy differential equation with fuzzy initial value

y'(t)-4y't)+4y(t)=0 (t=0)
y0)=2+a,4—a)
V(0)=56+a,7-a)
The exact solution is as follows:
y(t,r) =(2+r)e* +(1-r)te®)
y(t,r) = (4—r)e? +(r —1)te®)

The solution of the fourth order Range - Kutta method based on Centroidal Mean is as follows :

www.iosrjournals.org 56 | Page



Numerical Solution Of N - Order Fuzzy Initial Value Problems By Fourth Order Runge-Kutta

w, " (@) = w ™ () +

V_V22[3+18h N 211 h2 4 304 he 4 19303 h . 4015 he 4 5329 he]+
4 3 144 36 81

wi(2gh ¢ 308y 1942 0 4015 5329

3 9 18 36
w,w,[18h—goh? — 1297 o 6191, 68255, 5329,
6 18 216 27

w,[-6h—11h? — h 1+w, [2+6h+§h2 73h 3

18 33 121

W, [12h2+22h3+—h 1+w, [3+12h+ h? + 5 e +Eh4]+

w,w, [~12h —35h? - h3 121h 1

\Lvl[—4h—§h ]+\Lv2[2+4h+21h2]

2 8 3 2 2 4 2 8 3 4 2 16 3
w, [=h°]+w, [h+=h"+=h"]+w,w,[-—h"—=h
L P R P L L R Y S

_l_

—2hw, +w,[2+ 2h]

w @) =w (a) +

e [3+18h + 211 h2 4 304 he 4 19303 he 4 4015 he 4 5329 he]+
4 3 144 36 81

V_V12[28h2 n 308 he + 1942 h* 4+ 4015 he 4 5329

3 9 18 36
V_V:I.V_VZ[—18h _89h2 — 1297 h_ 6191 h_ 68255 he — 5329 he]
6 18 216 27

wi[-6h—11h? — [E h 1+ w2[2+6h+ 343 h? Eh3]

h®]+

V_V12[12h2+22h3+£h4]+v_w [3+12h+ 1th 323h 11261h4]+

WiWz[~12h—35h? 727h %h]

\7vl[—4h—13h ]+Wz[2+4h+21h2]

2 8 3 2 2 4 2 8 3 4 2 16 3
w, [=h*]+w, [h+=h"+=h"]+w,w,[-—h"—=h
N e B e e RS TATA S L

+

—2hw, +w,[2+ 2h]
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v_vJ’”*”< )=w," () +

1[*h 2o @h] 2[—h+32h2+16h3]+wWl[——h—gh2 64h]

3 3 6 .

w,[- 8 8h]+w,[8+6h]
w,'[96+192h +648h? + 264h° +121h*]+ w, [96 + 288h + 392h? +132h° + 4§4h ]+
W, W,[~192— 672h — 704h? — 748h° - 928h]
+
w[-8-160 LN+ w[B+120+ 51

v_vf[48+426h3+mh 858264h]+ w (48 216h + 25378ha+8863h4+133322425hﬁ]+

26224 he_ 124465 e 106580

w, W, [-504h —133h? - 2378h° -
54 81

he]

+
w,[-8-24h-33h* - 222h ]+W2[8+18h+22h2+3f5h ]
W (@) =w" () +
12[%h 128, 256h3] sz[%h+32h2+16h]+W2W1[—7h_£h2_%h3]
3 9 R
W1[—8—8h]+Wz[8+6h]
wi'[96-+192h + 648h” + 264h° +121°] + w; [96 + 288h + 392h” +132h’ + 424h 1+
W Wi[~192 — 672h — 704h? — 748h° - gggh]
+
\7v1[—8—16h—11h2]+v_v2[8+12h+gh2]
w4+ 4% e 19903 85264h]+W2 [48+216h + 2281 8803 133225 )
3 9 81 3 g 324
W wa[-504h —133h? — 2378h° 26524 e 122;165 o 102?80 h6]

292 365 5

Wi[-8—24h—33h* - h3]+Wz[8+18h+22h2 o 2h]

Figure 1 and table 1 shows the obtained results of example 6.1 and compared with the fourth order Range —

Kutta method(Table 2)
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Comparision of approximate solution between R4 and RKCebdd when h=0.1 and t=1
‘= T T - T

—— R4

09k —=— RKCeMd ||
0.8 B
0.7 - B
06 .
T o5 .
0.4 - B
0.3r B
0.2r a
0.1 - B
D 1 1 1 1 1
12 20 1 2 23 24 25
Discrete value
Figure 1(for ex 6.1)
Table 1(for ex 6.1)
FIVPRKCeM4SYS2
R T = =
W y Error W y Error
0| 01| 2563719 2.564946 1.23E-03 4.764708 4.763471 1.24E-03
01] 01| 2673767 2.674872 1.10E-03 4.654658 4.653545 1.11E-03
02| 01| 2783815 2.784798 9.83E-04 4.544607 4.543618 9.89E-04
03] 01| 2.893863 2.894725 8.61E-04 4.434557 4.433692 8.65E-04
04| 01| 3.003912 3.004651 7.39E-04 4.324506 4.323766 7.40E-04
05| 01| 3.113961 3.114577 6.17E-04 4.214456 4.21384 6.16E-04
06| 0.1] 3.224009 3.224503 4.94E-04 4.104406 4.103913 4.92E-04
0.7] 0.1] 3.334058 3.33443 3.71E-04 3.994356 3.993987 3.69E-04
0.8 0.1]| 3.444108 3.444356 2.48E-04 3.884306 3.884061 2.45E-04
09| 01| 3.554157 3.554282 1.25E-04 3.774256 3.774135 1.21E-04
1| 01| 3.664206 3.664208 1.91E-06 3.664206 3.664208 1.91E-06
Table 2 (for ex 6.1)
FIVPRK4SYS2
R T - -
w y Error W y Error
0| 01 2.5636 2.564946 1.35E-03 4.7648 4.763471 1.33E-03
01| 0.1 2.67366 2.674872 1.21E-03 4.65474 4.653545 1.20E-03
02| 0.1 2.78372 2.784798 1.08E-03 4.54468 4.543618 1.06E-03
03] 0.1 2.89378 2.894725 9.45E-04 4.43462 4.433692 9.28E-04
04] 0.1 3.00384 3.004651 8.11E-04 4.32456 4.323766 7.94E-04
05| 0.1 3.1139 3.114577 6.77E-04 4.2145 4.21384 6.60E-04
06| 0.1 3.22396 3.224503 5.43E-04 4.10444 4.103913 5.27E-04
0.7] 0.1 3.33402 3.33443 4.10E-04 3.99438 3.993987 3.93E-04
08| 0.1 3.44408 3.444356 2.76E-04 3.88432 3.884061 2.59E-04
09| 0.1 3.55414 3.554282 1.42E-04 3.77426 3.774135 1.25E-04
1| 0.1 3.6642 3.664208 8.27E-06 3.6642 3.664208 8.27E-06
Example 6.2
Consider the following fuzzy differential equation with fuzzy initial value
y7(t) = 2y”(t) +3y’(t) Oo=<t=<1)
y(O0) =@+ «,5—x)
y'(0) =(3+a,—1—x)
y"(0) =(B8+ «,10 — )
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the eigenvalue-eigenvector solution is as follows:

1 7 54 11 L a, A9 —t
t,r)=(-=+—e"+(=+r)e’,—=+—e" +(=—-r)e™).
y(t,r)=( (4 ) 3" 12 (4 )e)

—+
3 12
The solution of the fourth order Range - Kutta method based on Centroidal Mean is as follows:
w, " ) = w, ™ (@) +
V_V22[4051 he + 847 hs & 68401 h? +Eh3]+
3456 1152 10368 8
w2805 s 205 627233y 7 o,
31104 16 373248 18
37303 h 44165 he 1577 hs 973

11

W, W, [ + - +-—h*+>=h*+h?]
31104 20736 864 432 12 N
w,[2+ 002 4 P w S+ e+ 2 e

16 48 28 288
3

wi2he By 12 ey o e 12 e,

3 24 1152 6 12 2592

wow,[2ht 4 ey e 120 o)

3 36 48 864 N
11 11
w,[2+ = h*]+w,[h+ == h?
w[2+ 0T+ w2 h']

2h , h* , h

o W, oWy W, Wy

3 187" 3 N

h
2V_V2+EV_V3

V_Vl[m+l] (0() = V_Vl[m] (0{) +

o (2050 s, 847 o 68401, 11,
3456 1152 10368 8

(2810 o 21 o 527233\, 7 o
31104 16 373248 18
31104 20736 864 432 12 .
W2+ 2207 + 2 pey g2 h o+ tpz 4 2t ey

16 48 28 288

_ _ 3

T T ) i LT
3 24 1152 6 12 2592

wows[2h? + tpe e 12 ey
3 36 48 864 N

\7Vz[2+iéh2]+v_v3[h+;hz]

2he W b oo
3 18 3"

_ h_
2W2 +EW3
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w," (@) = w,™ (@) +

189 he 4 28105 he + 261121h7]+
16 3456 41472

V_Vaz[g ha 2h? + 343 he 4 226 he 4 33301 he 4 140525 he 4 133225 h7] N
3 72 27 3456 15552 23328

v_v22[;h3+gh4+

o o+ 89h3 245, 6113 5 357335, 186515 .
N 16 288 207036 15552 N
w2 h+33he 511h] w2430+ h? 4 @h]

2 8 16
2 h3 2 2 2 2 2 3 2 2 3
W, [—]+w, [=h+—=h"+—=h"]+w,w,[h"+—=h
T T T S
ghwfﬂ2+mWS
_2[ o Mo 120 e 3[ ne e 1250 770 5929 o)
8 288 3 72 72 10368
wow[oh? + 2oy e %ﬂh]
12 48 867 .
77
w 3h+—h +W.[2+2h+-—h?
w3+ w[2+ 2+ 2]
we N a) = wl " (@) +
ol 7 e 189 5 28105, 261121 .
20 "12° 16 3456 41472
i 2h s ont ¢ 343, 226, 33301 5 140625 133225 .
3 72 27 3456 15552 23328
12" "6 " 288 207036 15552 s
\7v2[9h B ﬂh] rws[2+3h+Lhe 4 @h]
8 9 16
3 —_ =
W2 [h ]+W3[ h+ gh2+gh3]+WzW3[h2+gh3]
3 9 3,
thZ T [2+h]ws
Wl Lo+ ne 2 s 2 ny e Mgy TTge, 9929 oy,
2" "8 288 3 '3 72 72 10368
Waws[2h? + 52 4 221 84T sy
12 48 867 N

— 11 — 77
W2[3h +==h?]+ws[2 + 2h+-—h?
2[ 3 1+ ws[ 18 1
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w," (@) = w, " (@) +
2343y, 226 33301, 140525, 1382255,
8 3 384 1728 2592
673 6735 15233 he s 80185 o+ 1224575 he + 19829209 h7] N
18 216 864 15552 373248
953,, 21079 W 6455 he 3320405 he 1625345

W, W,[8h+33h* +=—"h*+ + + + h']
12 144 36 20736 15552
wlos B 35 7h 5, . 4453h]
16 24 4 288
w, [6h+12h2 125h L 77 he s 5929 W]+ w [ ha §h2 257h +385 h4+3025 W]+
8 8 1152 3 18 36 648
4235

979 99 e h°]
48 432

55
v_v2[6+6h+Eh ]+v_v3[4+7h+Eh2]

w,’[6h+18

W 2[§h+14h2
'3

W, W,[8h +22h? + 3525 h® +

v oo +2h3]+waz[2h+1:h2 +;1_§h3]‘/_V2V_V3[8h+11h2 +1:h3]

= +
v_v2[6+3h]+v_v3[4+§h]

W @) =wa " (a) +

h2 343 343 s 226 226 .,
8 3

33301 h 4 140525 he 4 133225 h']+
384 1728 2592

V—v32[ h+14h? + 673 3 6733 15233 he 4 80185 e+ 1224575 he 4 19829209 h]+
18 216 864 15552 373248

21079 he 4 6455 e+ 3320405 he 4 1625345

sy h']
2 144 36 20736 15552

wifoh+ 220+ 2 e Sl 2

16 2 T
5, Wy S50y By By BT, Sy S
s 8 1152 ELRSTLAS LS

W2 Ws[8h +22h? + 35 %h‘%@hs]
12 48 432
55

77
W2[6+6h+—h?1+ws[4+7h+==h?
we| 16 1+ wi[ 5 ]

w,'[6h+18

953

W2 Ws[8h +33h? +

W, [6h+12h? +

weToh-+6h° + 26w [ h S + 42h]+Wst[8h+11h2 By

+

V_Vz[6+3h]+W3[4+§h]

Figure 2 shows the obtained results of example 6.2 and compared with the fourth order Range — Kutta method

forh=0.1andt=1
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Representation of dicrete solution between FIWP3YS3RKA and FIWPSYS3RKCeld
1 T T T T e T T T T

—— Rk4
—= RKCehtd |

09

08t

07

0B}

058

ryalue

0.4+

03

0.2F

oL 1 1 1 1
5] =] 10 11 12 13 14 15 16 17 15
Discrete Walue

Figure 2 (for ex.6.2 h=0.1 and t=1)

VIl.  Conclusion
In this paper, a new numerical method for solving N™ - order fuzzy initial value problem is proposed.

Here the N™ - order fuzzy linear differential equation is converted to a fuzzy system which will be solved with
the fourth order Runge-Kutta method based on Centroidal Mean. From the numerical examples, we could
conclude that the proposed method almost coincides with the exact solution and the classical fourth order Runge
— Kutta method (refer table 1, 2 and figure 1, 2).
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