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I. Introduction
The concept of fuzzy set and fuzzy set operation was first introduced by Zadeh™! Chakrabarty and
Ahsanullah® introduced the notion of fuzzy topological space on fuzzy set.In 1986 Abd EL-Monsef and
Ramadan ™ introduced fuzzy supra topological space. In this paper we introduced and study the concept of
fuzzy supra semi T, 1 ,space,fuzzy supra semi D; -, 1, oSpace in fuzzy topological space on fuzzy set.

1. Basic Definitions

Definition 1.1 [13]:Let X be anon-empty set ,a fuzzy set A in X is characterized by a membership function
i (x) :X—I, where | is the closed unite interval [0,1] which is written as A={(x, uz (x)}:x € X,0<pz (x) < 1},the
collection of all fuzzy subsets in X will be denoted by I* that is I*={A:A is fuzzy subset of X} and pz(x) is
called the membership function.

Proposition 1.2 [9, 12, 13]: Let A and B be two fuzzy sets in X with membership function p; (x) and
K (x) respectively then for all x € X.
e ACBIff ni(x) < pg(x)
A=B iff pz(x) = p)
A° is the complement of A with membership function pze(x) = 1- pz(x)
C=A nBif pe(x) = min{uz(x) , us(0}
D =AU Bif ps(x) = max{puz(x) , n5(x)}

Remark 1.3 [2, 8]: Let A € I* then p(A) = {B: B € I"and pg(x) < pz(x) vx € X}.

Definition 1.4 [2]: A collection® of fuzzy subset of A , that is T SP(A) is said to be fuzzy topology on A if
satisfied the following conditions:

* O, Aex.

e IfB,C e, then min{ps(x), nz(X)} € %.

o IfB; €%, thenmax{ps (x)i€J}eT.
The pair (A7) is said to be fuzzy topological space and every member of ¢ is said to be fuzzy open set in A and
a fuzzy set is called fuzzy closed set in iff its complement is fuzzy open setin A .

Remark 1.5 [2, 8]: If (A7) is a fuzzy topological space and B € p (A), the complement of B revered to A
denoted by BF is defined by pge(x) = pz(x) — pg(x)vx € X.

Definition 1.6 [1]: A subfamily of ¥* of A is said to be fuzzy supra topology on A if satisfied the following
conditions:

* O, A ez

o If B, €%, then max{ug (x), ieJ} € T".
The pair (A,£*) is said to be fuzzy supra topological space, the element of %* is said to be fuzzy supra open set
in A, and the complement of fuzzy supra open set is called fuzzy supra closed set.
Remark 1.7 [4]: Every fuzzy topological space is a fuzzy supra topological space.
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Definition 1.8 [4, 6, 7]: The support of a fuzzy set B in A will be denoted by Supp(B) and defined by
Supp(B) = {x € X : pg(x) > 0}.

Definition 1.9 [4, 6]: A fuzzy point x,. in X is a fuzzy set with membership function w, (x) =r, if x=v where
O<r<1land p, (x) =0, ifx#v,suchthat vis called the support of x,.and r the value of x,
Definition 1.10 [2, 5, 10]: Let B, C be a fuzzy sets in (A, 7), then:
e Afuzzy Point x, is said to be quasi coincident with a fuzzy set B , if there exists x € X such that
W, +pgz(x) > pz(x) and denoted by x, g B, if p, (x) + pg(x) < pz(x)vx € X,
then x,.is not quasi coincident with a fuzzy set B and denoted by x, 7B.
e Afuzzy set B is said to be quasi coincident with a fuzzy set C , if there exists x € X such that
Rg(x) + pe(x) > py (x)and denoted by B q C , if Mg (%) + pz(%) < pr(x)Vx € X, then B is not quasi
coincident with a fuzzy set C and denoted by B GC.

Proposition 1.11 [6, 11]: Let B, C, D be any fuzzy sets in (A, 7), then
o Ifmin{pz(x), ne (0} = ng (0} then pg(x)+ pe(x) < nz ()
o ps()+ps’(X) < pz(x)
o p()+ pe (< mE (X)), Hy (X< pe ()< px (then pg(x)+ py (x) < pz(x).

2. Fuzzy supra semi open set

Definition 2.1: A fuzzy set B of a fuzzy topological space (A, %) is said to be fuzzy supra s-open (fuzzy supra
s-closed) sets if pz(x) < Msupracl (supraint (B)) x) (mg(x) = Msupraint (supracl (B)) (x)) y x €X _
The family of fuzzy supra s-open [fuzzy supra s-closed] sets is denoted by FSSO(A) [FSSC(A)] sets.
Definition 2.2: If B is a fuzzy set in (A,T"), then:
e supras-closure of B is denoted by (suprascl(B)) and defined by:py,prasa (5)(%) = min{pz(x): Fisa
fuzzy supra s-closed set in A, pg(x) < up(x)}.
e supras-interior of B is denoted by (suprasint(B)) and defined by ypragine (5)(%) =Max{pg(x) : Gisa
fuzzy supra s-open set in A, pz(x) < uz(x)}

Proposition 2.3: Every fuzzy supra open set (resp. fuzzy supra closed set) in (A7) is a fuzzy supra s-open set
(resp. fuzzy supra s-closed set) in (A,7).

Proof: Obvious
Remark 2.4: The converse of proposition 2.3 is not true in general as shown in the following example.

Example 2.5: Let X={a, b, c} , A={(a,0.6), (b,0.4), (c,0.4)}

B={(a, 0.3), (b, 0.2), (c,0.2)}, C={(a, 0.5), (b, 04) (c,0.3)},

D={(a, 0.1), (b, 0.0), (c,0.1)}, be fuzzy setsin A,

#={®,A,B}, be a fuzzy topology on A,

Then C is a fuzzy supra s-open set but not fuzzy supra open set and D is a fuzzy supra s-closed set but not fuzzy
supra closed set.

Definition 2.6: A fuzzy set B of a fuzzy topological space (A,T) is said to be fuzzy supra s-difference set
(s-D set) if pg(x)= pz(x) — pg(x) , where G, H are fuzzy supra s-open sets and pg (x)# pz (%)

Proposition 2.7: Every fuzzy supra s-open set is a fuzzy supra s-D-set
Proof: Obvious.

Remark 2.8: The converse of proposition 2.7 is not true in general as shown in the following example.
Example 2.9: Let X={a, b, ¢} , A={(a,0.4), (b,0.5), (c,0.7)}

B={(a, 0.3), (b, 0.3), (c,0.4)}, C={(a, 0.3), (b, 02) (c,0.2)},

D={(a, 0.0), (b, 0.1), (c,0.2)}, be fuzzy setsin A,

#={®,A,B,C}, be a fuzzy topology on A,

Then D is a fuzzy supra s-D set but not fuzzy supra s- open set.
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3. Fuzzy supra semi T, 1 o Space
Definitions 3.1: A fuzzy topological space (A7) is said to be:

e Fuzzy supra s-T,space if for every pair of distinct fuzzy points x,,y such that
1 (%) < pp(x), F‘ys (x) < pz(x), there exists fuzzy supra s-open set G in A such that either

I, (%) < mg(®).ys GG or py, () < pg(), x, 9G.

e Fuzzy supras -T, space if for every pair of distinct fuzzy points x,,y.such that 1, (%) < pp(x),
B, (x) < pz(x), there exists two fuzzy supras -open sets G , U in A such that p, (x) < pg(x),ys 9G
and p,, (x) < (), %, G 0.

e Fuzzy supras -T, space if for every pair of distinct fuzzy pointsx,,y, such that By, (%) < pp (%),
n, (x) < pz(x), there exists two fuzzy supras -opensets G ,Uin A such that p, (x) < pg(x),
, (x) < pg(x)and Gq U.
Propositions 3.2:
1. Every fuzzy supra s-T; space is a fuzzy supra s-T, space
2. Every fuzzy supra s-T, space is a fuzzy supra s-T; space
Proof: Obvious
Remark 3.3: The converse of propositions 3.2 is not true in general as shown in the following examples.
Examples 3.4:
1. LetX={a, b}, A= {(aO 8), (b,0.7)},
B={(a, 0. O) (b, 0.6)},C={(a, 0.0), (b, 0. 7)} be a fuzzy sets in A,
%= {®,A B,C} be a fuzzy topology on A
Then (A7) is fuzzy supra s-T, space but not fuzzy supra s-T;space.
2. LetX={a, b}, A={(a,0.5), (b,0.4)},
B={(a, 0.4), (b, 0.0)},C={(a, 0.0), (b, Ol)}ﬁ {(a, 0.4), (b, 0.1)},
E {(a 04) (b 04)} F={(a, 0.0), (b, 0.4)}, G {(a, 0.5), (b, 0.1)}, be a fuzzy sets in A,

Then (A%) is fuzzy supra S- Tl space but not fuzzy supra s-T, space.

Theorem 3.5: A fuzzy topological space (A7) is fuzzy supra s -T, space if and only if for each pair of distinct
fuzzy points x,.,y, such that p, (x) < pz(x),m, (%) < pz(x), then x, q suprascl(y;) or y, q suprascl(x,)
Proof: Let pu, (x) < puz(x),n,, (x) < pz(x), then there exist a fuzzy supra s-open set GinA
such that either p, (x) < pg(x), GQy, or py (x) < pg(x) GTx,
If M, x) < ug (x) Gq ¥s then ch Xr ) Ry (x) < HGC(X)
Since G¢ is a fuzzy supra s-closed set
Therefore Msuprascl (ys)(x) < u‘ﬁc(x)
Hence x, q suprascl(y;)
Similarly if p,_(x) < pg(x) Gqx,
Conversely, let x, q'suprascl(y,) or y, q suprascl(x,)
Then My, (X) < H(suprascl (y5))© or My (X) H(suprascl (x,))¢
If Ry, (x) = H(suprascl (ys))° and since y; q [suprascl(ys)]
Then (A7) is a fuzzy supra s-T, space
And if Ry, (%) < W(suprasel (x, ne and since x, q [suprascl(x,)]°
Then (A%)isa fuzzy supra s- T space.
Theorem 3.6: If (A7) is a fuzzy topological space then the following statements are equivalents:

1. (A7) is fuzzy supra s-T, space

2. For each two distinct fuzzy points, x, , y, then x, q suprascl( y,) and y, q suprascl( x,)
Proof: Obvious
Theorem 3.7:1f (A7) is a fuzzy supra s-T, space then for each two fuzzy points x,,y, in A there exists two
fuzzy supra s-closed sets F; and F, in A such that p, (x) < pg, (%) , 5 G F, 1y, (%) < pg, (%)%, q Frand
max{pg, (%) 1z, ()}= pz(x)
Proof: Obvious
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Theorem 3.8: If (A ) is a fuzzy topological space then the following statements are equivalents:
1. (A7) is a fuzzy supra s-T, space
2. For each two distinct fuzzy points x, , y.in A there exist fuzzy supra s-open set G in A such that
Ky, (X) < Mg (X) < l‘lsuprascl (G)(X) < uy C(X)
Proof:(1) — (2)Let (A %) be a fuzzy supra s-T, space, x,,y, be two distinct fuzzy point such that
B, (%) < pg(x),py, (%) < puz(x), and G ,U are fuzzy s-open set in A
Such that p,. (x) < pg()ny, (%) < pg(x), and Gq U
Since Wyyprasal (@) ()= Min{pge () : U°¢ is fuzzy supra s-closed set,pz (x)<pge (x)}
Therefore My, x) <pgx) < Msuprascl (@) (x) < UySC(X)
(2) - (1)Letx,, y, be a distinct fuzzy points in A and G be a fuzzy supra s-open set in A such that
Ry (x) < W (suprascl (C))C(X) < My, c (x)
since suprasint(G®) is a fuzzy supra s-open set and Msuprasint () (%) < Mge (%),
Then there exists two fuzzy supra s-open sets G, suprasint(G¢)
such that My, (X) < HG(X) 1 My (X) < l‘lsuprasint O (X) and GasupraSint(ac)
Hence the space (A7) is a fuzzy supra s-T, space.
Theorem 3.9: A fuzzy topological space (A,%) is a fuzzy supra s-T; space if for every fuzzy point is a fuzzy
supra s-closed set.
Proof: Let x, , y,be two distinct fuzzy points in A which are fuzzy supra s-closed set,
then x;, y<are fuzzy supra s-open sets
since My, (X) = Msuprascl (x;) (X): and My (X) = Msuprasc (ys)(X)x
Then x, q [suprascl( x,)]° and y, q [suprascl( y,)]°
Let Hg (X) W(suprascl (x,)) (X) and Hg (X) =R(suprascl (v5)) (X)
Hence (A7) is a fuzzy supra s-T space.
Remark 3.10: The converse of theorem 3.9 is not true in general as shown in the following example.
Example 3.11: The space (A,T) in the examples 3.4(2) is a fuzzy supra s-T; space but ag is not fuzzy supra
s-closed set.
Theorem 3.12: If (A7) is a fuzzy supra s-T, space then for each two fuzzy points x, ,y, in A there exists two
fuzzy supra s- closed sets F; and F, in A such that p, (%) < pg, (%), ys G F1, py, (x) < pg, (x) . x, G F,and
max{pg, () ,1g, D}= nz(x)
Proof: Obvious

4. Fuzzy supra semi Dj-o 1 »Space

Definition 4.1:A fuzzy topological space (A7) is said to be fuzzy supra s-Dg space if for every pair of distinct
fuzzy points x,.,y, such that p, (x) < pz(x),m, (x) < pz(x), there exists fuzzy supra s-D set B in A such that

either My, () <pmg(®),ys ?E or py, () <), x, ag
Example 4.2: The space (A,%) in the examples 3.4(1) is a fuzzy supra s-D, space.

Theorem 4.3: If (A ) is a fuzzy topological space then the following statements are equivalents:
1. (A T) is a fuzzy supra s-D, space
2. (A%)is a fuzzy supra s-T, space

Proof:

(1) - (2) Let (A7) be a fuzzy supra s-Dy space,

Then for each distinct fuzzy points x,.ys € A, there exist fuzzy supra s-D set B in A such that p,_(x) < pg(X),

Vs a‘gor My (X) < HE(X)’ Xy ag

Since B is a fuzzy supra s-D set, then pug(x)=pg (x) — ui(x) ,where G,H are fuzzy supra s-open set

If 1, () < pg(x), ys 3B

Then p,, (x) < ug(X), %, TH .......(%)

Since y; @B theny; @G or p,_(x) < pg(x) and py_ (x) < p(x),

If y,qG and by (*) we get (A7) is a fuzzy supra s-T, space

and if p,_(x) < pg(x), and by (*) we get (A7) is a fuzzy supra s-T, space

Similarly if p, (x) < pg(x), x, G B

(2) - (1)Obvious.
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Definition 4.4: A fuzzy topological space (A7) is said to be fuzzy supra s-D, space if for every pair of distinct
fuzzy points x, ,y, such that p, (x) < pz(x), m,, (x) < px(x), there exists two fuzzy supra s-D sets B,C in A
such that p,, (x) < pg(x), ys q B and By, () < mz (), x, qcC.

Proposition 4.5: Every fuzzy supra s- T, space is a fuzzy supra s-D;, space.

Proof: Obvious
Remark 4.6: The converse of proposition 4.5 is not true in general as shown in the following example.

Example 4.7:Let X={a, b, ¢} , A={(a,0.6), (b,0.5), (c, 0.4)},B={(a, 0.6), (b, 0.1), (c, 0.0)},
C={(a, 0.1), (b, 0.5), (c, 0.0)},D={(a, 0.6), (b, 0.5), (c, 0.0)},E={(a, 0.1), (b, 0.1), (c, 0.0)},
F {(a 0.6), (b, 0.4), (c, 0.4)},G={(a, 0.1), (b 04) (c 00)}H {(a, 06) (b 04) (c,0.0)},

Then (A r) is a fuzzy supra s D, space but not fuzzy supra s-Tl space
Proposition 4.8: Every fuzzy supra s-D, space is a fuzzy supra s-D, space.

Proof: Obvious
Remark 4.9: The converse of proposition 4.8 is not true in general as shown in the following example.

Example 4.10: The space (A7) in the examples 3.4(1) is a fuzzy supra s-Dg space but not fuzzy supra s-D;
space.

Definition 4.11: A fuzzy topological space (A,7) is said to befuzzy supra s-D,space if for every pair of distinct
fuzzy points x,.,y, such that p, (x) < pz(x), , (x) < pz(x), there exists two fuzzy supra s-D sets B,CinA
such that p,_(x) < pg(x), y, (x) < pe(x), and BqC.

Proposition 4.12: Every fuzzy supra s-T, space is a fuzzy supra s-D, space.

Proof: Obvious

Remark 4.13: The converse of proposition 4.12 is not true in general as shown in the following example.
Example 4.14:Let X={a, b, ¢, d},A = {(a,0.4), (b,0.4), (c,0.4), (c,0.4)},B={(a, 0.4), (b, 0.0), (c, 0.0), (d, 0.0)},
C={(a, 0.4), (b, 0.4), (c, 0.0), (d, 0.0)},D={(a, 0.4), (b, 0.4), (c, 0.4), (d, 0.0)},

E={(a, 0.4), (b, 0.0), (c, 0.0), (d, 0.4)},F={(a, 0.4), (b, 0.4), (c, 0.0), (d, 0.4)},

G={(a, 0.0), (b, 0.4), (c, 0.0), (d, 0.0)},H={(a, 0.0), (b, 0.0), (c, 0.4), (d OO)}

1={(a, 0.0), (b, 0.0), (c, 0.0), (d, 0.4)}, be a fuzzy sets in A,i= {cp A B, C,D,E,F}, be a fuzzy topology on A,
Then (A7) is a fuzzy supra s-D, space but not fuzzy supra s-T, space.

Proposition 4.15: Every fuzzy supra s-D, space is a fuzzy supra s-D, space.

Proof: Obvious

Remark 4.16: The converse of proposition 4.15 is not true in general as shown in the following example.
Example 4.17: The space (A,%) in the example 4.7 is a fuzzy supra s-D; space but not fuzzy supra s-D, space.
Theorem 4.18: A fuzzy topological space (A,%) is a fuzzy supra s-D, space if for each two distinct fuzzy points
X, , ¥sin A there exist fuzzy supra s-open set G in Asuch that p, (%) < pg(®) < Bgyprasa @) &) < By, (%)
Proof: Obvious

Propositions 4.19:

1. Every fuzzy supra s-D, space is a fuzzy supra s—fo space.
2. Every fuzzy supra s-D, space is a fuzzy supra s-T, space.

Proof: Obvious
Remark 4.20: The converse of propositions 4.19 is not true in general as shown in the following example.

Example 4.21: The space (A,%) in the examples 3.4(1) is a fuzzy supra s-T, space but not fuzzy supra s-D,
space, fuzzy supra s-D; space.
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