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Abstract: The aim of this paper is to investigate matrix variate generalizations of multivariate Kummer-Beta
and multivariate Kummer-Gamma families of distributions in the complex case. The multivatiateKummer-Beta
and multivariate Kummer-Gamma families of distributions have been proposed and studied recently by Ng and
Kotz. These distributions are extensions of Kummer-Beta and Kummer-Gamma distributions. Many known or
new results have been made with the help of multivatiateKummer-Beta and multivariate Kummer-Gamma
families of distributions.

. Introduction
The Kummer-Beta and kummer-Gamma families of distributions are defined by the density functions involving
hermition positive definite matrix

Tla+p) {iFi(o; o+ B; - M)} lex(-Aupu®t(1-u)p-1,0<u<1 (1.1)
L()T(B)
{T(o)y(o,o -y +; )} exp(-ev)v®i(1 + v)?, v> 0, (1.2)

respectively, where o> 0, B> 0, &> 0, -c0<y, A<oo, ;F;, and y are confluent hypergeometric functions. These
distributions are extensions of Gamma and Beta distributions, and for o< 1 (and certain values of Aand y) yield
bimodal distributions on finite and infinite ranges, respectively. These distributions are used (i) in the3 Bayesian
analysis of queueing system where posterior distribution of certain basic parameters in M / M / ooqueueing
system is Kummer-Gamma and (ii) in common value auctions where the posterior distribution of “value of a
single good” is Kummer-Beta. For properties and applications of these distributions the reader is referred to NG
and Kotz [7], Armero and Bayarri [1], and Gordy [2].
As the corresponding multivariate generalization of these distributions, we have the following n-

dimensional densities:

F(Zfla +ﬂ) { (Z“ Za + = ]}1exp(—ﬂéuij

H ()T (p)
n n ’B -1 n
xHufi’l (1__2”‘] O<u<l, Y U<, (1.3)

i=1

Where a;>0,i=1, ....,n, B> 0, -co<A<oco, and

{(zj\.{zz“)}(zj »

i=1

n n 7
o) oo
i=1 i=1

Where o> 0,1 =1, ....... N, e> 0, -co<y<oo, respectively. These distributions have been considered by
Ng and Kotz [7] who refer to (1.3) and (1.4) as multivariate Kummer-Beta and multivariate Kummer-Gamma
distributions, respectively. For A = 0, (1.1) and (1.3) reduce to Beta and Dirichlet distributions with probability
density functions

F(a + ﬂ)
F(OK)F(,B)

“}1-uft o<u<t,
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> a+p) - o :

= TTut | 1-Du | L o<us<t, Dlu<1 (15)
Hizlr(ai)r(ﬂ) i1 i1 =)

respectively. Since (1.3) is an extension of Dirichlet distribution and a multivariate generalization of

Kummer-Beta distribution, anppropriate nomenclature for this distribution would be Kummer-Dirichlet

distribution. In the same vein, we may call (1.4) a Kummer-Dirichlet distribution. Further, in order to

distinguish between these two distributions ((1.3) and (1.4)), we call them Kummer-Dirichlet type | and

Kummer-Dirichlet type Il distributions.
In this article we propose and study matrix variate generalizations of (1.3) and (1.4), respectively.

I1.  Matrix variateKummer-Dirichlet distributions in the complex case
We begin with a brief review of some definitions and notations. We adhere to standard notations (cf. Gupta and
Nagar [3]). Let A = (a;) be a p xp matrix.
Then, A" denotes the transpose of A; tr(A) = ay; ... + ayp; etr(A) = exp (tr(A));
det (A) = determinant of ~ A; A > 0 means that A is hermition square root of A > 0.

The multivariate gamma function l:p (m) is defined as

~ P i
I, (m) = nP<P'1>’4H r (m - Jle ,Re(m) > (p-1) (2.1)
j=1
where Re(.) denotes the real part of (.). It is straightforward to show that
T, (m)= IR _ det(R)™Petr(R ) AR, Re(m) > (p - 1) 2.2)

Where the integral has been evaluated over the space of the p xphermition positive
definite matrices. The integral representation of the confluent hypergeometric function ;F; is given by

r,(b)
T (a)l,(b-a)

1F1 (a; b; X) = I<R<,p det(R )*Pdet(l, - R )**Petr(XR )dR ,

(2.3)
where Re(a) > (p-1) and Re (b-a) > (p-1). The confluent hypergeometric function y of a p xp
hermition matrix X is defined by

v(a, c; X) = . [ 4. oetr(-X R ) det(R )*Pdet(l,+ R )**"d R, (2.4)

I, (a)

where Re( Y) >0and Re(a) > (p-1)
Now we define the corresponding matrix variate generalizations of (1.3) and (1.4) as follows

Definition 2.1 The p xp Hermition positive definite random matrices uy ,..., U, are said to have the
matrix variate Kummer-Drichlet type | distribution with parameters ay, ...., o, B and A,

denoted by (uy, ..., u,) ~K D:) (o, ..., 0, B, A), if their joint probability density function (pdf) is
given by

i=1

n n B-p
<[ [det Ty~ det[lp—ZUij (2.5)
i=1

i=1

Ki(otg, ey Oy B, A) etr(— Aiﬁi)

n
0<T;<l, 0< ) T; <l
i=1

=
where o> (p-1)i=1,..,npB>(p-1) A(pxp)is Hermition K; (ay, ...., an, B, A) is the
normalizing constant.
Definition 2.2. The p xpHermiotion positive definite random matrices V4, ...., V,, are said to have the
matrix variateKummer-Dirichlet type Il distribution with parameters ay,...., a,, y and =, denoted by

Vg, ..., Vi) ~K D"D' (otg,...., Oy, v, 2), if their joint pdf is given by
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Ky (0, ooyt 7, Z) €L (— :Zn:vlj
i=1
n n_ \7
<] [det (Vi) det(lp—zvi] ,Vi> 0, (2.6)
i=1

i=1
where a;> (p-1),i=1, ..., n, -o0<y<oo, E (p x p) > 0, and Ky(aty,...., o, v, Z) IS The
normalizing constant.
The normalizing constants in (2.5) and (2.6) are given as

{Ky (0, vonr0tny B, A)}?

J-- [ w230,

0<Xi, ui<lp

: n n o
<[ [det Ty~ det(lp—ZUij [Jau

i=1 i=1 i=1
L@

T,

L<u<|p etr (- AU) det(U) D ot — P
xdet (| -U)PPdUu

H T, (ei)T, (5) ( n J
=L 1F1 a; ) o+ i-A (2.7)
)

{Kz (04,00, 7, BN}

SREE

V;>0 V>0 !

n n 7 n
deet(vi)“‘pdet(lp—Z\_/ij [1dV
i=1

i=1 i=1

H j etr(2V )det (V)Y ot — pdet(i,+ V) dV

F V>0

=Hi:p (%)‘V(Zai;zai ty+ p;Eja (2.8)
i=1 i=1 i=1

respectively, where ;F; and y are confluent hypergeometric functions of matrix argument.
For A =0, the matrix variateKummer-Dirichlet type | distribution collapses to an ordinary matrix
variateDirichlet type I distribution with pdf

r " n n B-p
r @_la-*‘ﬂ) Hdet(u )“'pdet(lp—ZUi]
[T.T @) 5) =

n
0<U;<l, 0< ) T;<l, (2.9)
i=1
wherea;> (p-1)i=1,...,n,and B> (p - 1)/2. A common notation to designate that (uy, ..., U,) has this
density is (ug, ... Uy) ~ DL (ot, ..., 0y ; B). For y = 0, the matrix variateKummer-Dirichlet type 11 density

simplifies to the product of n matrix variate Gamma densities.

For p = 1, the densities in (2.5) and (2.6) simplify to Kummer-Dirichlet type | (multivariate Kummer
Beta) and Kummer — Dirichlet type Il distributions reduce to the matrix variateKummer-Beta and matrix
variateKummer-Gamma distributions, respectively. These two distributions have been studied by Nagar and
Gupta [6] and Nagar and Cardeno [5]. Substituting n = 1 in (2.5) and (2.6), the matrix variateKummer-Beta and
matrix variateKummer-Gamma densities are obtained as
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Ky (a, B, A) etr(-AT) det(T)*"

xdet(l, - U)PP, 0 <U<I, (2.10)

Kz (o, 7, E) etr (-2 V) det (V )*Pdet (1, + V)7, V>0,

respectively, where o> (p-1), B> (p - 1), -oo, A= A’, and E (p x p) > 0. These two distributions are

designated by u ~ KBy, (o, B, A) and V ~ KG, (o, v, E). It may be noted that the matrix variateKummer-
Dirichlet distributions are special cases of the matrix variateLiouville distribution.

Using certain transformations, generalized matrix variateKummer-Dirichlet distributions are
generated as given in the next two theorems.

Theorem 1. Let (U, ..., U,) ~ KD:) (04,0, Oy By A) and iy, ..., ¥y, Q be hermitionmatricies such that Q> 0

and Q - Zin:l ;> 0. Define

h 1/2 h 1/2
Zi= [Q—Zwij ui[Q—Zwij + oy i=1, .0 (2.11)
i=1 i=1
The (Zy, ..., Z,) have the generalized matrix variateKummer-Dirichlet type | distribution with pdf
K (ay,...a,, B, \)

etr(Q _ Zi”:lwi )ZP:lai +p-pi
[T det(Z —w)* " det@-3" Z)"*
etr{(Q2— Z:ﬂ\l’i )_1/2 A(Q- Zin:l‘lfi )_1/2 Zin:l(zi -vi)}

n
Wi Zi<Qi=1,..n, Y Z,<Q. (2.12)
i=1

: — n 12 n A2 : :
Proof. Making the transformation U; = (Q - Zi:1Wi )Y (Zi- i) (Q- Vi )4 i =1, ..., n, with Jacobin
Uss o U Za, e Z) = et (Q- Y ) ™in (25), we get (2.12).
If (Zy, ..., Z,) has the pdf (2.12), then we write (Z4, ..., Z,) ~ GK D'P (otgy weey Oty By A5 Q5 W, -ony ).

Note that GK Dy, (at, ..., 0ty By A 15; 0, .., 0) =KD}, (0, ..y i, B, A).
Theorem 2. Let (V1, ..., Vn) ~K DL' (g, -y Oy ¥, Z) @nd yy, ..., Wp, Q be hermition matrices such that Q> 0

and Q + Z?zl\yl > 0. Define

n 1/2 n 1/2
Y, = (Q—Z\yiJ vi(Q—Z\pi] i i=1, .0, (2.13)
i=1 i=1
Then, (Y4, ...,Y,) have the generalized matrix variaeKummer-Dirichlet type Il distribution with pdf
K, (a0, 7, E)

det (Q — Zinzlwi )Zinzlai -7
[T, det(Yi —y)“ P det(@->"" Y))”
etr{(Q2— Zin:l\vi YYEPE(Q - Zin:l\vi )2 Zi":l(yi -y}

Yi>\|li, i= 1, Ly N (214)
Proof. Making the transformation V; = (Q + Zin:l\yi)_llz) (Yi-y) (Q+ zin:l\ui)_llz, i=1,..,n, with the

Jacobian J (Vy, ... Vi Ya,..o, Yo) = det (+ D ;)™ in (26), we get (2.14).
If (Yy, ..., Yp) has pdf (2.14), then we write (Y4, ..., Y,) ~ GK D'F! (o, «ry Oy ¥, E; Quig, ..oy W) IN this
case GK DIF! (01, voey O, 7, 15 0, ..., 0) = K DIF: (O, <y O 5 Yy 2).

I11.  Properties
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In this section, we study certain properties of matrix variateKummer-Dirichlet type | and Il invariant.
That is, for any fixed orthogonal matrix I'(p x p), the distribution of (I" u,I", ..., T' u,["") is the same as the
distribution of (uy, ..., uy). Our next two results give marginal and conditional distributions.distributions. It may
be noted that for A = Al,, E = ¢l densities (2.5) and (2.6) are othogonaily

Theorem 3. If (uy, ..., uy) ~ K DL (o, ..y 0y By A), then the joint marginal pdf of ug, ..., Uy, m < n, is given by

Kl(al,...,am, iai +,6’,Aj etr(—AiUij

i=m+1

m m Zp=m+1ai+ﬂ7p
XHdet(Hi )4 P det(lp - Zuij

i=1 i=1

[z zﬂA(.zj]

i=m+1 i=m+1 i

m
0<T;<l, 0<) T, <, (3.2)
i=1
and the conditional density of (u, + 1, ..., uy) | (uy, ..., Up) is given by

Kl(al""'an’ﬂ!A)
K (a,....a,, in:mﬂai + S, A)
Etr (_AZin—mHUi)
y -
det(lp _ Zi”:'lui )Z?:mua#ﬂ—p

Hin:m+1det(Ui)ai_p det(lp _Zirilui _Z” u )ﬂip

) u;
i=m+1 !

1 Fl (Zin:mﬁ-loci ;Zin:mﬂai + ﬂ’_A(I p Z::m+lui ))

(3.2)
m m m
0<U;lp- Z:LTI di=m+1,..,n, ZUi <l -ZUi
i=1 i=m+1 i=1
Proof. First we find the marginal density of uy, ..., u,_1 by integrating out un from the joint density of uy, ..., u,

as

m
Kl (aly +eey Ol Ba A) J‘0<U <l _Zn,l etr (_ lelj
n<tp~Zix

i=1
n m B-p
deet(Ui)“‘_pdet(lp—ZUij du, . (3.3)
i=1 i=1

-1 _ -1 _ _
Now, substituting Zn = (I,- D U;)*u, (lp- Y, U;)™ with Jacobian J (T, —> Z,) = det (I, -

i=1
n-1 _ )
ziﬂ U;)"in (3.2), we get

n-1
Ki (0, ooy, By A) etr(—A Uij

i=1

n-1 n-1 an+f-p
deet(Ui)“‘pdet(lp— Uij

i=1
n-1 1/2 n-1 1/2_

rl—|-1,—> U Al -1 —> U Z

><J.O<Zn<lp et p glul p u' n
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xdet(Z,)“ Pdet(l,- Z, )P PdZ, . (3.4)
But
Kl(ocl, ..... Olp, [3, A)

1 1/2 Nt 1/2_
Xjkzr(lp etr —[-lp—_ i A[-Ip—ZUij Z,
xdet(Z,)“ Pdet(l,- Z, )P PdZ, .

N Gy ) I ( ‘“_j
CT N fp(an+ﬂ) 1F1[an,an+ﬂ, AL Zui J

1
= Ky(0tg, ooy, -1, 0ty + B, A) [Oﬂn a, +ﬂ;—A(|p - ZUi j} (3.5)

i=1
Hence, we get the joint density of (uy, ..., Un.1) as

n-1 n-1
=1 i=1

n-1 % +f-p n-1
xdet(l ) —Zuij 1&(05“;05” + ﬂ;—A(Ip -0 D (3.6)
i=1 i=1

Repeating this procedure n — m times gives the marginal density of (uy, ..., Uy,) as

K1 (al,...,am Zn:ai +ﬂ,AJetr(— AEUJ

i=m+1

m n-1 Zin:m an+f=p
XHdet (u;)“ " det(lp —ZUJ

i=1 i=1

S S-S o

i=m+1 i=m+1
Now the second part of the theorem follows immediately.
Corollary 3.1 — If (uy, ... uy) ~ K DL (0o ,... an, B, A), then the marginal pdf of u;, i =1, ..., n is given by

K{ai, D a; +ﬂ;—Ajetr (-AT;) det(T,) o, — P
j=1()

ey @j+B—p

xdet (I, - T;)

n n
xlF{ai, Zaj;+ Zaj +,B—A(Ip—Ui)j,0<Ui<lp. (3.8)
j=1(i) j=1(=i)

It is interesting to note that the marginal density of u; does not belong to the Kummer-Beta family and
differs by an additional factor containing confluent hypergeometric function ;F;.

In Theorem 4, we give results on marginal and conditional distributions for Kummer-Dirchlet type Il
distribution. Before doing so, we need to give an integral that will be used in the derivation of marginal
distribution. From (2.6) and, (2.8) we have

LO IM etr[-2] [(X + Y )] Det (V) &P
xdet (X) % Pdet (I, +X + Y)?dXdY (3.9)
=T (a) [, (a2) w(as + @, a; + a,— b +p; ),

where Re (a;) > (p-1), Re (a;) > (p-1) and Re E> 0. Substituting

W = (I, + X)Y2Y (I, + X)-1/2 with the Jacobian J (Y — W) = DET (Ip + X )P in (3.9) and integrating
W, we obtain
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L  etr(:=X)det(X) P det(lp + X)

xy (g, a—b+pE (I, + X)dX (3.10)

=Ty (a) v (a, a3 —b +p).
Now we turn to our problem of finding the marginal and conditional distributions.

Theorem 4. If (V4, ...,.V,) ~ K DL' (o, ..., o, v, E), the joint marginal pdf of V4, ..., Vi, m<n, is given by

T, { Zn:ainz [al...,am, Zn:“i’y’g)e"(—EiZ::\_/ij

i=m+1 i=m+1

m n 7+
deet(vi)“i_pdet(lp +zvij
i=1 i=1
XW[ Zaiy Zai -yt p,E{Ip +Z\_/i ]J, (3.11)

i=m+1 i=m+1 i=1
Vj> O,J =1,...,m
and the conditional density of (V i1, ..y Vi) | (V1, ... Vi) is given by

K, (a7, E)
I:P (Z::mﬂai Ko (@, Z::m+lai 70 E)
etr(_EZin:erl Vi)
X det(l, + ZLVI )7 Thnacs
T e e, + 0,9+ V)
v =y +pE(L, + Y V)

Vi>0,i=m+1,..,n.

(3.12)

Proof. In this case, to obtain the marginal density of V1, ...., Vn-1, we substitute
wn=(Ip+ YV, YV, (Ip+ DV, ) 2 with the jacobian J(Vn—Win) = det (I + >V )p.
Thus, the joint density of V4, ..., V1 is obtained as

n-1
K2 (ay,...,0n, 7, Z) etr(— :Z Vij

i=1

n-1 o L S A
deet(Vi)“'_pdet[lp+ ‘j

i=1

xdet(W, ) P det(1,+ W )"d W (3.13)

-1
= Ip(on) K; (o, O, 7, E) etr(— EZ Vi)
i=1

n— n— —y+on
Xﬁdet (vi)“ipdet[l ) +21:\7i]

i=1 i=1

n—

1
X\p(an,an -7+ p;E(Ip +ZViD

i=1
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-2 — -2 —
Further, substituting W1 = (I,+ Zin:l V)2 Vo (1, + Zin:l V,)-1/2 with the Jacobian j (V.1—>

2 —
Wi.1) = det (I, + Zin:l V, )P in (3.13) and integrating Wn-1 using (3.10), we get the joint marginal density of
AV VASPY-

- n-2_
I, (o) Kz (o, o0, 7, E) etr[— :Z\/Ij

i=1

n-2 o n-2 . —rtontan
<] ] det (Vi)“‘_pdet(l ) +Zvij

i=1 i=1
o 1/2 no 1/2_
XjWn>o etr| — |p+Z\/i El,+> V.| W,

i=1 i=1

xdet(W_ ) * P det(l,+ W, _, )7

N 12
xw(an,an—jﬂr p;(lp+ \_/ij
i=1

n-2
= Fp(O(,n) Fp(an.l) Kz(OLl,...,OLn,’Y,E)etr (— EZ i j

n-2 o n—2_ —rtontang
x ] ] det (Vi)“'_pdet[l o+ Vij

i=1 i=1

n-2
xw[an,anl,an +a,, —y+ p;(l 0 +Z\_/ID (3.14)
i=1

Integrating out V,..,, ..., V41 Similarly, we get marginal density of V;,..., Vi, as

X ﬁ l:p (o) Kz(al,...,an,y,:)etr(— :iv j]

i=m+1

m m —VZ.W.
deet(vi)a‘pdet[ +>V, j

= - (3.5)
Xy [an,anl,an ‘o, — ( + D
i=1
x H f‘p ((X,]_) KZ(aly---yam’YlE)
i=m+1
= fp(Zain{al.---,am, Z%%Ej- (3.16)
i=m+1 i=m+1

The derivation of the conditional density is now straightforward.
Corollary 3.2. If (V4,...,.V,) ~K D:)' (ag,...,0,Y,2), then density of V;, i = 1,..., nis given by

fp( ZaiJKz[al, Zal,}/,E]etr =V,
j=1(=i) 1)

det (vi)a,—p det(lp + vi)—}/+zl}=1(¢i)aj
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xy| Yoy, Ya;—y+pE(l,+V,)|V>0 (3.17)

=) j=1(=)
Note that the marginal density of V; differs from the Kummer-Gamma density. It is a pdf with

an additional factor containing confluent hypergeometricfunction .
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