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Abstract: In the present paper, we investigate the existence of solutions of neutral integrodifferential equations
with infinite delay. The results are obtained by using Schaefer ’s fixed point theorem and rely on a priori bounds
of solution and the inequality established by Pachpatte.
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I.  Introduction

In the last few years several papers have been devoted to the study of existence and uniqueness of
solutions of nonlinear differential equations with nonlocal conditions. Among others, we refer to the papers of
Balachandran and Chandrasekarn [3], Balachandran and llamaran [2], Ntouyas and Tsamatos [7]. Ferenc [6]
proved an existence theorem for Volterra integrodifferential equations with infinite delays using Schauder’s
fixed point theorem.

Neutral differential equations arise in many areas of applied Mathematics and such equations have
received much attention in recent years. Eke and Jackreece [5] studied the existence results of nonlinear neutral
integrodifferential system with distributed delays using Schaefer’s theorem. Balachandran and Rajagounder [4]
studied the existence of mild solutions of nonlinear integrodifferential equations with time varying delays in
Banach Spaces.

Pazy [8] used the method of semigroups to study the existence and uniqueness of mild, strong and
classical solutions of semilinear evolution equation. In Sathiyanathan and Nandha [11] sufficient condition for
the existence of mild solutions of a class of nonlinear evolution integrodifferential equation in Banach Spaces
was proved using resolvent operator and Schaefer’s fixed point theorem.

Rupali and Dhakne [10] investigate the global existence of solution of nonlinear integrodifferential
equation by using the topological transversality theorem of Leray-Schauder’s theorem and a priori bounds of
solution established by Pachpatte. Adderrazzak et al [1] used semigroup theory and Banach fixed point theory
to establish existence and uniqueness of integral solutions for a class of neutral Volterra integrodifferential
equations with infinite delay. The purpose of this paper is to study the existence of mild solutions for nonlinear
neutral integrodifferential equations with infinite delay with the help of Schaefer’s fixed point theorem.

Il.  Preliminaries
Consider the neutral functional integrodifferential equations with infinite delay of the form

%[x(t)—h(t,xt = Ax(t)+ Bu(t)+ [ gltsx )is+ Flt.x) t20
X, =peR (2.2)
where the state X() takes values in the Banach space X endowed with the norm || , the control function u()
is given in the Banach space of admissible control function L2 (J,U) with U as a Banach space.
A: D(A)—) X is an infinitesimal generator of a strongly continuous semigroup of bounded linear operator
T(t), t>0 in X. R is a bounded linear operator from U into X, where g:JxJxR—> X,
f:IJxR—> X, and h:JIxR — X are given functions. The delay X, :(—oo,O]—> X defined by
X (9): X(t +t9) belongs to some abstract phase space R , which will be a linear space of functions mapping

(—oo,O] into X endowed with the seminorm ””m in R. Throughout this paper we assume that ‘R satisfies the
following axioms

(A1) If X:(—o0,2)— X,a >0, is continuous on [0,a] and X, € R, then for every t € [0, a] the following
conditions hold:
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0] X isin R

G Xt < Hlx],

iy x|, < K(t)sup{x(s):0< s <t} M(t)xo],,
where H >0 is a constant; K, M :[0, ) —[0,90), K is continuous and M is locally bounded, and
H, K, M are independent of X()

(A2) For the function X() in (A1), X, isa ‘R -valued continuous function on[0, @] .

(A3) The space ‘R is complete.
Definition 2.1. A continuous function X(t) is said to be a unique mild solution of the system (2.1) for each

ue LZ(J,U) as given by [ ] if

x(t)=T(t)]g(0)- (0 ¢)]+ht X,) j AT (t—s)h(s, x, )ds
{Bu s)+ f(s,x,)+ q(s)+_[;g(s,r,xs)dr}ds (2.2)
is satisfied.

We need the following fixed point due to Schaefer [12]

Theorem 2.1 (Schaefer). Let E be a normed linear space. Let I : E — E be a completely continuous operator,
that is, it is continuous and the image of any bounded set is contained in a compact set and let

E(M)={xeE:x=AI'x for some0< 1 <1}
Then either f(F) is unbounded or I" has a fixed point.
Theorem 2.2 (Pachpatte [9]). Let a(t), b(t) and C(t) be nonnegative continues functions defined on R™, for

which the inequality
(t)<c, + [[alt)cths + j;a(s)[ [ b)) r}ds

Holds forall t € R™, where C, is a nonnegative constant. Then

ct)gcotl+j; exp(j dz‘}i J

We assume the following hypothesis.
(H1) A is the infinitesimal generator of a compact semigroup of bounded linear operators T(t), t>0on X and

their exists M <1 and M, >0 such that
T(t)<M and |AT(t) <M,.
(H2) For h:J xM — X is continuous and there exists constants L', L >0 such that
In(t,y,) = (s, )| < Lt = 5| + s vl
Forevery 0<s<t<Db, y,,, € R, and the inequality ||h(t,l//X| <L holdsfort e [O, a],z// cR.
(H3) f :J xR — X is continuous and there exists M, > 0, such that

[fty) <M,

ForallteR™.

forevery 0<s<t<a and ye@R.
(H4) g:J xJ xN —> X is continuous and there exists N > 0, such that

o(t.s.n)[<N
Forevery 0<s<t<a.
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. 0
(H5) for each g€ R, q(t) =lim,_ j_a g(t, S,¢(S))d8 exists and it is continuous. Further there exists

N, >0 such that ||q(t)| <N,.

(H6) there exists a compact set V < X, such that T(t)f (S,ly), T(t)Bu(s),T(t)g(s,r,n) and
T(t)q(s)eV forall y,neR,and 0<r<s<t<a

(H7) The linear operator W : L2 (J ,U)—) X is defined by

Wu = jobT(b —s)Bu(s)ds

is a solution map and there exists a constant M ; > O such that |B| <M,.

1. MEAN RESULT
Theorem 3.1. Assume that hypothesis H1 — H7 holds, then there exists a unique mild solution of (2.1) such that

X(¢:u)e X foreach ue L*(J,U), g R.
From theorem 3.1 we define the solution mapping W : L (J ,u) —> X given by

(W )t)=x(#:u).

Theorem 3.2. Let U €U and @ € R, then under the hypothesis H1- H7 the solution map

(W )t)=x(¢:u)

satisfies
)
)

P (6:u)], <clMlgl,, Mo

Where c dependson M, M ,M,,L,NandN,.

Proof
First we establish the priori bounds on the solution map. From hypothesis, we have

[ u)o)| < T ¢+ O)#(0)— (0. o)+ e, x|+ [, AT ¢+ 0 s)nls, x, s
.\ J-:H ’T(t +0- s)[Bu(s)+ f(s,x.)+q(s)+ I; 9(s,7, x, )dz'}

< M|+ ML|g| + i, + Mg Ju] + MN,

L’(Qu

ds

+(M,L+MM)[ 7 xJds + M [ NUO X, dr)ds
where
Mg = M”B”
Hence
%, (¢ :u)| =sup|x,(#:u)o)|
L M.L+MM,
(M) MMM
M IN([SHX Hdr)ds
1-L% Vo
and

L'=L+1

By the above result, we have
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M,L+MM,
(¢ U)||<—('V'||¢|| MaJu)+ =5

0 0
From theorem 2.2.

g
g :u) < = (M g+ M u])

[ Mo [ 20+l o s

[, (¢ :u)| < c(Mg] + Mg u])

We now rewrite the initial value problem (2.1) as follows:

For ¢ € R, define ¢ZEER by

qg(t):{ﬂt)—h(t,cﬁ) if —o<t<0
T(t[¢0)-h(0,¢)] if 0<t<a

Ify e R and X(t): y(t)+¢?(t), te [— o0, a], then it is easy to see that X satisfies (2.2) if and only if y
satisfies,

= s

Therefore,

y(t)=y, =0, —0<t<0
)= J'; AT (t —s)h(s, Y, + 4 )ds
+I;T(t—8)[BU(S)+ o,y +4 )+ o)+ [ ols.y. +¢?s)dr}ds t>0
We define the operator IR, — R, R, ={y e R:y, =0} by
0
(Ty)t)= j; AT(t—s)h(s, Y, +9, )ds 3.1)
+£T(t—s)[Bu (s ys+¢)+q IgSTy +¢)d }j

From the definition of an operator I" defined on equation (3.1), it can be noted that the equation (2.2) can be
written as

y(t)=Ary(t) 0<Ai<1 (3.2)
Now, we prove that I" is completely continuous. Forany y € B, , let 0 <t, <t, < a, then
X))o ) < 7 6) =T 0)- .+l v, + 4, )= bl v, +4,)

—+

J.: A[T (tl - S)_T(tz —s)]h(s, Ys + ¢?s }15 + J:z AT (t2 - S)h(S, Yy, + ¢?S }is”
jtl [T(t,—s)-T(, - s)[Bu(s)+ f (s, Y, + 9, )+ q(s)+ J'OS g(s, 7Y, +4, )dr}dsH
tz T(t, —s)[Bu s Ys + &, )+ ) q(s)+ J'Osg(s,r, Y, +¢35)dr}dsH

<|IT(t)-T (&, (4l +[hlt.y, +4,)-hlt,.y, +4. )

—+
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# AT =) Tl - L)+ kis
(t, - s]|(L(jt - s|)+
e LT -9)-TC, - M) + M- + [y, + 4]+ N+ N

L (VA WS N S Y P | IR R cE )

The right hand side of (3.3) is independent of y € B, and tends to zero as t, —t, — O, since h is completely

ys1 + St _y52 + s,

)jS

ys1 + ¢51 - y52 + ¢sz

continuous and the compactness of T(t) for t > 0 implies the continuity in the uniform operator topology.
Thus I maps B, into an equicontinuous family of functions.

We have already shown that I'B, is equicontinuous and uniformly bounded collection. Next we show that I'B,
is compact. Since we have shown that I'B, is an equicontinuous collection, it is sufficient by Arzela-Ascoli
theorem to show that I"maps B, into precompact set in X . Let 0 <t < b be fixed and let & be a real

number satisfying 0 < & <t. For y € B, , we define
(.Y =TOP0)- 0. #)]+ b -2,y +d. )+ [~ AT(E-9hs.y, +, s
ST s)[Bu ($)+ sy, +4.)r o)+ [glszy, + 4.1 st
= TO[H0)-hO. )]+ hlt— ey, +d. )+ T(E)] AT —s—2hls,y, +4 s
STE)] Tle-s-of Buls)+ 1y, +4 )+ ols)+ [ alsir.y, +4. e os

Since T(t) is a compact operator, the set Y, (t)= {(Fg y)(t): ye Bk} is precompact in X for every &,

0 < & <t Moreover, for every y € B, we have
Iy - Yo <[ble . + 4 )-hlt—e v+ |+ [ |ATE-9n(s,y, + 4, Jas

+:€ t— s)[Bu sys+¢)+q jg(Sry +¢)d }ds
<|h (,yt +¢t)— (t—g, Yo, +¢?t_g] + L'[HHAT t—s)(yS +¢S]

+f T(t—s)[M3||u(s]|+ MZQt—s|+ +, )+ N, + N(s)}is
=3
Therefore, there are precompact sets arbitrary close to the set {(Fy)(t) y € B, } Hence the set

{(l"y)(t): y € B, } is precompact in X.
It remains to show that I": R, — R, is continuous. Let {yn }n>l c R, with y, = yin R,. We have

Ty, )(t)—(l"y)(t]|s”h(t,yn‘ +¢?t)— h(t, Y, +¢ft] _[||AT s)mh(s Yo, +¢) (s Y, +¢?Slds

F L= |1y, +4.)- £y, +4 )+

as N-—o0.
Thus I'is continuous. This completes the proof that I" is a completely continuous operator. Moreover, the set

EM)={yeR,:y=aTy. 0<A1<1}

(sryn +¢) (Sr,yr+¢3,] }ds—>0
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is bounded in R, since for every Yy in ﬁ(l“) the function X(t) = y(t)+ ¢?(t),t € (—oo,a] is a solution of
equation (2.1) for which we have proved to be bounded. Consequently by Schaefer’s theorem, the operator 1"

has a fixed pointin Y,in R,. Then X =¥ +¢3 is a mild solution of equation (2.1).
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